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Fictionalism, in the philosophy of mathematics, is the view that mathematical discourse
is in some important respect fictional: mathematical objects such asπ or ∅ have the
same metaphysical status as Sherlock Holmes or Macbeth. Admittedly, this definition
is vague. But it hard to do better without ruling out the positions of some philosophers
who consider themselves fictionalists. Hartry Field (1980, 2), who is largely responsi-
ble for contemporary interest in fictionalism as a strategy in the philosophy of mathe-
matics, defines it as the view that there is no reason to regard the parts of mathematics
that involve reference to or quantification over abstract entities such as numbers, sets,
and functions as true. I do not adopt that definition here, for some fictionalists (e.g.,
Stephen Yablo 2001, 2002, 2005) think of fictional discourse as in some important
sense true. Zoltan Szabo (2003) treats fictionalism aboutFs as the belief that ‘There
areFs’ is literally false butfictionally true. This rules out the possibility that fictional
statements lack truth values and introduces a concept of fictional truth that only some
fictionalists endorse.

A number of writers, influenced by Kendall Walton (1978, 1990, 2005), treat fic-
tionality as a matter of attitude: a discourse is fictional if its participants approach it
with a cognitive attitude of pretense or make-believe. As John Burgess, Gideon Rosen
(1997), and Jason Stanley (2001) point out, however, there is little evidence that partic-
ipants in mathematical discourse approach it with such an attitude. One might expect,
moreover, that philosophers who diverge in their accounts of mathematics would also
diverge in their attitudes toward mathematical discourse: fictionalists might approach
it with an attitude of make-believe, while realists approach it with an attitude of dis-
covery. To avoid a choice between relativism and trivial falsity, therefore, fictionalists
about mathematics had better not take attitude as definitive of fictionality.

Mark Kalderon (2005) defines fictionalism at a higher level of abstraction: “The
distinctive commitment of fictionalism is that acceptance in a given domain of inquiry
need not be truth-normed, and that the acceptance of a sentence from an associated
region of discourse need not involve belief in its content” (2). This seems to make
fictionalism a close relative of noncognitivism. But mathematics is unquestionably a
realm of inquiry that admits rational discourse and determination; indeed, it seems a
paradigm of rational inquiry. It does not express emotion; it does not issue commands.
Taking this into account, the fictionalist, we might say, sees some kinds of discourse
that count as rational inquiry as aiming at something other than truth and as accepted
in a sense weaker than belief. In what follows, I will usually speak ofsuccessrather
than acceptance to make it clear that the relevant notion of acceptance is one of being
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accepted by the participants in a discourse as a successful contribution to that discourse.
Fictional sentences do not aim at truth (whether or not they in some sense achieve it)
and succeed in playing their roles in discourse even if they are not believed– or, at any
rate, could play their roles even if they were not believed.

1 Kinds of Fictionalism

To understand what fictionalists mean to assert about mathematics, consider a simple
instance of fictional discourse, from Nathaniel Hawthorne’sTwice Told Tales:

I built a cottage for Susan and myself and made a gateway in the form of
a Gothic Arch, by setting up a whale’s jawbones.

Hawthorne’s utterance, conceived as fictional, succeeds, even if there are no cottage,
gateway, whale, and jawbones related in the way described. Conceived as nonfictional,
in contrast, the nonexistence of any of those entities would prevent the utterance from
succeeding. In ordinary, nonfictional discourse, pragmatic success requires truth, and
truth, for existential sentences, at least, requires that objects of certain kinds exist. In
fiction, pragmatic success and existence come apart. Existential utterances can suc-
ceed even if no objects stand in the relations they describe. The pragmatic success of a
fictional discourse, that is, is independent of the existence of objects to which the dis-
course is ostensibly committed (or, perhaps, would be ostensibly committed if it were
asserted as nonfiction).

The fictionalist about mathematics, then, maintains that the pragmatic success of
mathematical discourse is independent of the existence of mathematical objects. Math-
ematics can do whatever it does successfully even if there are no such things as num-
bers, sets, functions, and spaces.

Not everyone who holds this view, however, counts as a fictionalist. Fictionalism
is a variety of mathematicalexceptionalism, the view that the success of mathematical
statements is exceptional, depending on factors differing from those upon which the
success of ordinary assertions depends. There are many other versions of exceptional-
ism: (a) Reductionists, for example, maintain that mathematical statements are excep-
tional in that they are about something other than what they appear to be about; they
translate into statements with different ontological commitments. Those statements
they take to be more metaphysically revealing than the originals. (See Link 2000.) (b)
Supervenience theorists dissent from the translation thesis, but contend nevertheless
that the success of mathematical statements depends on facts about something other
than what they appear to be about, namely, nonmathematical entities. (c) Logicism
(e.g., that of Russell 1918 or Hempel 1945) maintains that the success of mathematical
statements depends solely on logic– classically, because mathematical truths translate
into truths of logic. (d) Putnam’s (1967) deductivism (or if-thenism) maintains that the
success of mathematical statements is determined not according to the truth conditions
of the statements themselves but instead according to those of associated conditionals.
(e) Hellman’s (1989) modal structuralism maintains that mathematics, properly under-
stood, makes no existence claims, but speaks of all possible realizations of structures
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of various kinds. Resnik (1997) advances another version of structuralism. (f) Chi-
hara (1990) replaces traditional existential assertions with constructibility theorems.
(g) Schiffer’s (2003) account of pleonastic propositions and entities that result from
”something-from-nothing transformations” (see also Hofweber 2005a, 2005b, 2006,
forthcoming) might offer a foundation for an account of mathematical statements with-
out the need to invoke extra-mental mathematical entities. (Note, however, that fic-
tional entities are just one kind of pleonastic entity.) These generally do not count as
fictionalist accounts of mathematics in the contemporary sense– though they are all in
a sense anti-realist, though Schiffer’s might count as a generalization of fictionalism,
perhaps, and though, as we shall see, several (including, especially, the reductionist
account) might have been considered fictionalist throughout considerable stretches of
philosophical history.

What distinguishes fictionalism from these kinds of exceptionalism, all of which
are kinds of anti-realism? (1) It does not necessarily endorse the thesis that mathemati-
cal statements, properly understood, are true. Some fictionalists hold that fiction is in a
sense true and that mathematics is true in the same or at least in an analogous sense. But
fictionalism per se carries no such entailment. And that by virtue of which mathemat-
ical statements are true is not the same as that by virtue of which ordinary statements
about midsize physical objects, for example, are true. It seems fair to summarize this,
as Kalderon does, by saying that mathematics is not truth-normed; it aims at some-
thing other than truth. Reductionists, supervenience theorists, logicists, deductivists,
etc., in contrast, all take mathematical statements (properly understood or translated)
as true and as aiming at truth. (2) The success of mathematics is independent of belief.
The reductionist, supervenience theorist, deductivist, modal structuralist, constructibil-
ity theorist, etc., all believe that mathematical statements, as true, are worthy objects
of belief, even if their surface forms are misleading. The fictionalist, however, sees
belief as inessential to the success of mathematical statements. (3) Fictional entities,
if it is proper to speak of them at all, are products of free creative activity. A fiction-
alist about mathematics maintains that the same is true of its entities. More neutrally,
we might say that according to the fictionalist mathematical statements, like those in
fiction, are creative products. Among the facts by which their success is determined
are facts about human creative activity. (4) Fiction is nevertheless in some sense de-
scriptive. It describes objects and events. It differs from ordinary descriptive discourse
only in that the nonexistence of its objects and the nonoccurrence of its events does not
detract from its success.

If fictionalists agree about that much, they disagree about much else. I shall classify
fictionalists here according to their views on three issues: truth, interpretation, and
elimination.

1.1 Truth

To say that mathematics is not truth-normed is not to say that it is not truth-evaluable.
Mathematics might aim at something other than truth but nevertheless be evaluable as
true or false. Indeed, that seems to be just the status of fiction. A work of fiction aims
at something other than truth. But we can still ask whether the sentences it comprises
are true or false. In nonfiction, success requires truth, which in turn requires the exis-
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tence of objects. If success in fiction is to be independent of the existence of objects,
however, either success must be independent of truth, or truth must be independent of
the existence of objects.

Fictionalist strategies, then, divide naturally into two kinds, depending on their
attitude toward truth. According to one sort, Hawthorne’s sentence succeeds despite
its literal falsity. Although fictionalists and their critics sometimes speak this way–
see Szabo (2003)– it seems not quite right;literal contrasts most naturally withfig-
urative, but the literal/figurative distinction does not line up neatly with the nonfic-
tion/fiction distinction. It would be more accurate to say that fiction is notrealistically
true. Yablo (2001, 2005) advances a version of fictionalism he callsfiguralism, which
maintains that mathematical statements are analogous specifically to fictional, figura-
tive language. On his view, the kind of truth appropriate to mathematics does contrast
naturally with literal truth. But it seems contentious to build such a view into our
terminology from the beginning. According to the other, Hawthorne’s sentence is in
some sense true, despite the nonexistence of the objects it describes, precisely because
it occurs in a fictional context.

Correspondingly, some fictionalists, such as Field (1980), contend that mathematics
succeeds without being true. Others contend that mathematics can be true even if the
objects it seems to describe do not exist. Among the latter are some whose views come
close to Putnam’s; they contend that mathematics is true in a purely deductive, “if-
then” sense, mathematical truth being simply truth in a story (the standard set-theoretic
hierarchy story, for example), much as fictional truth is truth in a story (theTwice Told
Tales, for example). Whether such views remain fictionalist depends on the details.
Others hold that mathematics, and fiction in general, are true in a more full-blooded
sense.

1.2 Interpretation

Burgess and Rosen (1997) distinguishhermeneuticfrom revolutionarynominalists.
Various writers draw the same distinction among fictionalists. Hermeneutic fictional-
ists about mathematics maintain that wedo interpret mathematics as fictional; revolu-
tionary fictionalists, that weshould. As Yablo puts it: “Revolutionary nominalists want
us to stop talking about so-and-so’s; hermeneutic nominalists maintain that we never
started” (2001, 85).

Both versions of fictionalism face serious problems. Most mathematicians and
scientists, not to mention nonspecialists, do not appear to interpret mathematics fic-
tionally. The various schemes for reinterpreting mathematics that fictionalists or nomi-
nalists have proposed, moreover, are complex and difficult to use; it is hard to see what
sort of mathematical, scientific, or practical advantage they could possess that would
justify that assertion that we ought to reinterpret mathematics in accordance with them.
Indeed, they seem to have severedisadvantages by those measures. The revolutionary
fictionalist (e.g., Leng 2005) would presumably claim philosophical (specifically, epis-
temological) advantages. But, even if those claims can be sustained, it is hard to see
why philosophical advantages should outweigh mathematical, scientific, or practical
disadvantages.
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Fortunately for fictionalism, Burgess and Rosen’s distinction is not exhaustive. Fic-
tionalists can argue, not that wedoor shouldinterpret mathematics fictionally, but that
we can. Imagine a fictionalist about ancient Greek gods and goddesses, for example.
Fictionalism about Zeus, Hera, etc., seems an entirely reasonable position. Such a per-
son might contend that ancient Greeks adopted an attitude of make-believe toward the
gods, but might not; he or she might contend that they should have adopted such an
attitude, but, again, might not. (Belief in the gods might have been crucial to social sta-
bility, for example.) The fictionalist in this instance holds that we can best understand
ancient Greek religion by interpreting it in fictional terms.

Alternatively, think of Russell’s (1918) view of ontology as the study of what we
must count as belonging to the basic furniture of the universe. A fictionalist interpre-
tation of a discourse, such as Russell’s no-class theory, on his view shows that we do
not have the count the objects the discourse ostensibly discusses as among the basic
furniture of the universe. Whatever attitude about the objects to which such a dis-
course is ostensibly committed we happen to have, and whatever attitude about them
might be best for us practically, scientifically, psychologically, or linguistically, the
theoretical viability of a fictionalist attitude is enough to show that we are capable of
avoiding ontological commitment to them. From Russell’s perspective, fictionalism
pays ontological dividends even if no one does or should (except perhaps in a technical
ontological sense) adopt a fictionalist attitude toward the pertinent discourse.

Similarly, a fictionalist about mathematics can hold that we can best understand the
ontological commitments forced upon us by mathematics by interpreting it in fictional
terms. The view implies nothing at all about how mathematicians themselves do or
ought to interpret their subject. Mathematics can accomplish its purposes, according to
the fictionalist, even if there are no mathematical objects. To show this, the fictionalist
needs to (a) specify the purposes of mathematics that must be accomplished, and (b)
demonstrate the possibility of accomplishing them with a theory that makes no commit-
ment to mathematical entities. Field, for example, takes the application of mathematics
in physical science as the purpose of mathematics that the fictionalist must explain, and
attempts to show the physical application of mathematical theories can be understood
without appeal to distinctively mathematical objects.

In addition to hermeneutic and revolutionary fictionalism, then, we should distin-
guishdeflationaryfictionalism, which maintains that there is no need for a substantive
metaphysics or epistemology for mathematics. There is no deep mystery, the deflation-
ary fictionalist insists, about how we know that Dr. Watson was Holmes’s associate.
Neither is there a deep mystery about how we know thatπ > 3. We are not committed
to the existence of Dr. Watson, Holmes,π, or 3. Nor must we postulate any strange
faculty of intuiting objects with which we stand in no causal relation. Mathematics
serves its function without any such assumption.

Mark Balaguer expresses the spirit of deflationary fictionalism concisely:

...we use mathematical-object talk in empirical science to help us accu-
rately depict the nature of the physical world; but we could do this even
if there were no such things as mathematical objects; indeed, the ques-
tion of whether there exist any mathematical objects is wholly irrelevant
to the question of whether we could use mathematical-object talk in this
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way; therefore, the fact that we do use mathematical-object talk in this
way does not provide any reason whatsoever to think that this talk is true,
or genuinely referential. (Balaguer 1998, 141)

We do not need to show that people actually adopt an attitude of make-believe in math-
ematics. All we need is to show is that they could use mathematics just as successfully
if they did.

Deflationary fictionalism bears some resemblance to the indifferentism propounded
by Eklund (in press). On that view, the ontological commitments of our statements are
non-serious features of them, features that are beside the point of the statements. In
general, Eklund argues, “we do not commit ourselves either to its literal truth or to
its truth in any fiction; we are, simply, non-committed.” Think of a picture of content
similar to that of Stalnaker (1978), in which statements in a context function to restrict
the class of possible worlds that constitutes that context. Speakers in nonphilosophical
contexts may not be interested in ruling out possibilities that differ only metaphysically.
Their statements have a content, therefore, that is properly understood as metaphysi-
cally neutral. The similarity between this view and deflationary fictionalism emerges
in this passage: “It can be that I do not in fact make, say, mathematical statements
in a fictional spirit, but when I come to realize this is a possibility I can also realize
that doing so would all along have satisfied all of my conversational aims” (Eklund in
press). Deflationary fictionalism needs to show only that a fictional interpretation of a
discourse is possible, and establishes thereby that the discourse is ontologically neutral.

1.3 Elimination

What does it take to show that mathematics can fulfill its purposes even if there are no
mathematical objects? The oldest tradition historically falling under the heading of fic-
tionalism maintains that the fictionalist must reduce mathematical to nonmathematical
objects. William of Ockham, for example, contends that universals areficta; they do
not exist in any real sense. Everything that really exists is particular. He seems willing
to discard some talk of universals as incorrectly assuming their real existence. Most
discourse invoking universals, however, he seeks to reinterpret.Socrates has wisdom,
for example, is true by virtue of the fact that Socrates is wise. Itseemsto be committed
to the existence of a universal, wisdom, but in fact requires the existence of nothing
more than Socrates. Nominalists (sometimes calling themselves fictionalists) and oth-
ers have employed reductive strategies in a wide variety of contexts. Consider, for ex-
ample, David Hume’s account of necessary connection, Bertrand Russell’s “no-class”
theory, and Rudolf Carnap’s (1928) phenomenological construction of the world.

Opponents of nominalist reinterpretation such as Burgess, Rosen, and Hofweber
argue as follows:Socrates has wisdomcan be interpreted asSocrates is wiseonly if
they are equivalent. But, by the nominalist’s own lights, the former entails the existence
of universals, while the latter does not. So, they cannot be equivalent, and the nomi-
nalistic interpretation fails. Nominalists, in response, tend to deny that interpretation
requires equivalencetout court; it requires only equivalence relative to the purposes of
the kind of discourse in question.
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Broadly speaking, it seems fair to say, nominalism takes its inspiration from some-
thing like empiricism. The purpose of discourse in the broadest sense is to account for
our experience. Call sentencesA and B experientially equivalentif and only if they
have exactly the same implications for experience. (We might suppose that there is an
experiential languageE adequate to and restricted to describing experience such thatA
andB are experientially equivalent just in case, for any sentenceC of E, A |= C⇔ B |=
C.) The claim is then thatSocrates is wiseandSocrates has wisdomare experientially
equivalent; they have exactly the same implications for our experience. They differ in
their ostensible commitments– that is to say, their prima facie commitments, what they
seem to be committed to independent of any considerations about the possibility of
translation, paraphrase, or elimination, etc. So, they are not equivalent all things con-
sidered. But they are empirically equivalent. The upshot, according to the nominalist:
we would suffer no decline in our ability to describe our experience if we were to assert
Socrates is wisein place ofSocrates has wisdom. We have no reason, therefore, to take
on the additional ontological commitments of the latter.

We might think in model-theoretic terms, as follows.M and N are elementarily
equivalent with respect toE if and only if they agree on every sentenceC of E: M |=
C ⇔ N |= C. Suppose thatM is a platonistic model including abstracta as part of its
domain and thatN is a nominalistic model with a domain consisting solely of concreta.
If M and N are elementarily equivalent with respect toE, then they satisfy exactly
the same experiential sentences. So, we may safely replaceM with N, avoidingM’s
worrisome platonistic commitments, without adversely affecting our ability to account
for our experience.

Experiential equivalence in this sense is weaker than reduction. Suppose that for ev-
ery platonistic modelM of our best theory of the world there is an experientially equiv-
alent nominalistic modelN of that theory. It does not follow that the theory reduces to
one having only nominalistically acceptable entities as ostensible commitments, unless
there is a function from platonistic to experientially equivalent nominalistic models
meeting stringent criteria (see e.g., Enderton 1972). So, there is plenty of logical space
in which fictionalists may adopt a strategy based on experiential equivalence without
committing themselves to reductionism. Mounting anargumentthat every platonistic
model has an associated experientially equivalent nominalistic model without specify-
ing such a function, on the other hand, presents a challenge. (See the discussion of
Field below.) Fictionalists must steer a path between the Scylla of reductionism and
the Charybdis of deductivism.

2 Motivations for Fictionalism in the Philosophy of Math-
ematics

Mathematics does not appear to be a species of fiction. Why, then, insist on the pos-
sibility of construing it fictionally? Fictionalists fall into two camps. Just as debaters
advance cases either on the basis of needs or on the basis of comparative advantage, so
fictionalists argue for fictional interpretations either because alternative interpretations
raise philosophical puzzles or because fictionalist interpretations simply provide better
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explanations for mathematical success.

2.1 Benacerraf’s Dilemma

The traditional argument for fictionalism is that nonfictional interpretations of mathe-
matics raise insuperable philosophical difficulties. Thelocus classicusof the argument,
though presented with a different intent, is Paul Benacerraf’s “Mathematical Truth”
(1973). Benacerraf argues that we can devise a successful semantics or a successful
epistemology for mathematics, but not both. We cannot reconcile the demands of an
account of mathematical truth with the demands of an account of mathematical knowl-
edge.

... accounts of truth that treat mathematical and nonmathematical dis-
course in relevantly similar ways do so at the cost of leaving it unintelli-
gible how we can have any mathematical knowledge whatsoever; whereas
those which attribute to mathematical propositions the kinds of truth con-
ditions we can clearly know to obtain, do so at the expense of failing to
connect these conditions with any analysis of the sentences which shows
how the assigned conditions are conditions of theirtruth. (Benacerraf
1973, 662)

Benacerraf makes two assumptions. First, he assumes that we should maintain a unified
Tarskian semantics for mathematical as well as nonmathematical discourse. Second, he
assumes a causal theory of knowledge. The first assumption implies that mathematical
objects exist; mathematical discourse succeeds only to the extent that it is true, and it
is true only to the extent that the objects over which it quantifies exist. The second
implies that we can have mathematical knowledge only by causally interacting with
mathematical objects. But that, evidently, is what we do not and cannot do. (Some
abstract objects are neverthelessdependenton concrete objects and events, as Szabo
(2003) observes. Stories may be abstract but depend on concrete people and events;
concrete events may in turn depend on them. So, it is a mistake to think of all abstracta
as causally isolated. It seems doubtful that enough mathematical objects could be
dependent in this sense to ground mathematical knowledge. But see Maddy 1990,
1992, 1997.)

The fading popularity of causal theories of knowledge may make Benacerraf’s
dilemma seem like something of a period piece, no longer compelling a choice be-
tween semantic and epistemological adequacy. There are various ways, however, of
weakening these assumptions. Here I will present just one (developed at length in
Bonevac 1982). So long as (a) pragmatic success requires truth, (b) truth is to be ex-
plained in terms of reference and satisfaction, and (c) we must have epistemic access
to the objects we take our discourse to be about (as Benacerraf puts it, we must have
“an account of the link between our cognitive faculties and the objects known” (674)),
we face the same problem. These assumptions are weaker than Benacerraf’s in several
respects. They do not assume that a single semantic theory must apply to mathematical
and nonmathematical language, as well as all other forms of discourse. Most crucially,
they do not assume a causal theory of knowledge. Demanding epistemic access re-
quires that there be a relation between us as knowers and the objects of our knowledge
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that allows for the possibility of an empirical cognitive psychology. This might be
causal, but it need not be. The central idea is motivated by a naturalized epistemology:

In short, our ability to have knowledge concerning the objects assumed to
exist must itself be capable of being a subject for empirical, and preferably
physiological, investigation. (Bonevac 1982, 9)

I have summarized this by demanding anempirically scrutablerelationship between
ourselves and the objects postulated by theories we accept. It must be possible to ex-
plain our knowledge of those objects in a naturalized epistemology. One may spell out
the required relationship differently: Field, for example, simply says that our knowl-
edge must be explicable. It should not be chalked up to coincidence:

The key point, I think, is that our belief in a theory should be undermined if
the theory requires that it would be a huge coincidence if what we believed
about its subject matter were correct. But mathematical theories, taken
at face value, postulate mathematical objects that are mind-independent
and bear no causal or spatio- temporal relations to us, or any other kinds
of relations to us that would explain why our beliefs about them tend to
be correct; it seems hard to give any account of our beliefs about these
mathematical objects that doesn’t make the correctness of the beliefs a
huge coincidence. (Field 1989, 7).

Mathematicians are reliable; surely that fact needs to be explained.
We might distinguish two kinds of mathematical theories:existential theories,

which postulate the existence of mathematical entities such as∅, π, or the exponen-
tiation function, andalgebraictheories, which do not, but instead speak only of objects
related in certain ways, e.g., as groups, rings, fields, and so on. A structuralist or deduc-
tivist analysis of the latter seems natural, though they too make existence claims, which
might be seen as derivative from the claims of existential theories or assui generisand
needing separate explanation. Benacerraf’s dilemma seems most acute for existential
theories, such as arithmetic, analysis, and set theory, which postulate the existence of
numbers, sets, and functions. Classical mathematics, in Quine’s words, “is up to its
neck in commitments to an ontology of abstract entities” (Quine 1951, 13). But how
can we know about such entities? Must our epistemology of mathematics remain noth-
ing but “a mysterious metaphor” (Resnik 1975, 30)?

Since the argument from Benacerraf’s dilemma has fallen under widespread attack,
let me try to spell it out somewhat more explicitly, restricting it to existential theories
and keeping its assumptions as weak as possible:

1. Some existential mathematical theories– arithmetic and set theory, for example–
are successful.

2. Mathematics is successful only to the extent that it is true.

3. An adequate theory of truth for mathematics must be continuous with the theory
of truth for the rest of language.
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4. An adequate theory of truth in general must be Tarskian, proceeding in terms of
reference and satisfaction.

5. Any Tarskian theory interprets existential sentences as requiring the existence of
objects in a domain.

6. Existential mathematical theories contain existential sentences.

7. Therefore, mathematical objects exist.

8. We know about objects only by standing in an explicable epistemic relation to
them.

9. We stand in no explicable epistemic relation to mathematical objects.

10. Therefore, we cannot know anything about mathematical objects– even that they
exist.

We can thus conclude that mathematical objects exist– a conclusion which, having been
rationally justified, appears to be known. But we can also conclude that we cannot
have any such knowledge. Any account of mathematics must confront the problem
this poses. The fictionalist focuses on the first three of the above premises. Most
deny the second, maintaining that mathematics may be successful without being true.
Some deny the first, holding that all mathematical theories can be given an algebraic
interpretation. And some deny the third, seeking a non-Tarskian semantics that can
apply to fictional and mathematical discourse in a way that frees them from ontological
commitment and associated epistemological difficulties. We interpret sentences in and
about works of fiction in ways that do not seem to commit us to fictional characters
in a way that raises serious metaphysical and epistemological difficulties. We have no
trouble, for example, explaining how it is possible to know that Sherlock Holmes is a
detective. That suggests to some that our semantics for fiction is non-Tarskian.

2.2 Yablo’s Comparative Advantage Argument

The traditional argument just outlined faces an obvious problem, even if it is not quite
“dead and gone,”, as Yablo (2001, 87) says. It rests on a thesis requiring epistemic
access to objects to which we make ontological commitments. Epistemic access need
not be spelled out in terms of empirical scrutability or even explicability. Say simply
that the objects of our commitments must exhibit propertyP. The problem then arises
because mathematical objects lackP. But an opponent can turn this argument on the
fictionalist by using the fact that mathematical objects lackP to refute the premise that
the objects of our commitments must exhibitP. Mathematical objects, that is, can be
used as paradigm cases undermining any epistemology a fictionalist or other anti-realist
might use (see, e.g., Hale 1994). It is hard to see how to resolve the resulting impasse.

Yablo argues for fictionalism on different grounds. The traditional argument fo-
cuses solely on the problems facing a platonistic account of mathematics, effectively
granting that otherwise a platonistic theory would be preferable. But that, Yablo, in-
sists, ignores the real advantages of a fictionalist approach while allowing the false
advantages of platonism.
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Yablo begins with the Predicament: “One, we find ourselves uttering sentences that
seem on the face of it to be committed to so-and-so’s– sentences that could not be true
unless so-and-so’s existed. But, two, we do notbelievethat so-and-so’s exist” (72). We
do not have to insist that so-and-so’s are unknowable; it is enough to observe that it is
coherent to speak of them without really believing in them. Nonplatonists adopt this
attitude toward mathematical and other abstract objects, but we adopt it in all sorts of
everyday contexts as well, in speaking of sakes, petards, stomach-butterflies, etc. Quine
outlines three ways out of the predicament: reduction, elimination, and acceptance.
Yablo argues that fictionalism constitutes a fourth way.

Let’s begin with platonism. Waive epistemological objections to abstracta. What
does the platonist explain by invoking them? Presumably, the objectivity of certain
kinds of discourse. Nominalists have long thought that “explaining” the truth ofSocrates
is wiseby pointing out that Socrates has wisdom is no explanation at all. Yablo sharp-
ens the argument by constructing a dilemma. Consider our conception of the numbers,
for example. It is either determinate (in the sense that it settles all arithmetical ques-
tions) or indeterminate. If it is determinate, “Then the numbers are not needed for ob-
jectivity. Our conception draws a bright line between true and false, whether anything
answers to it or not” (88). If it is indeterminate, how do we manage to pick out one
of the many possible models of our conception as the intended model– that is, as the
numbers? In short, the numbers themselves are either unnecessary or insufficient for
objectivity. (For a perceptive treatment of determinacy in mathematics, see Velleman
1993.)

By itself, this argument seems little better than the Benacerraf-inspired argument
we have been considering. A platonist who believes in determinacy will surely insist
that our conception of the numbers manages to settle all mathematical questions pre-
cisely because it is the conception of a determinate reality. Like a photograph that
settles a set of questions (about who won the race, say) because it is the photograph
of an event or state of affairs (the finish of the race), our conception of mathematical
objects may settle questions because it is a conception of those objects. Such a concep-
tion does not demonstrate that the objects are not needed to account for the objectivity
of mathematics any more than the photograph would show that the event or state of
affairs is not needed to account for the objectivity of our judgment about who won the
race. In short, we may need the objects themselves to account for the determinacy as
well as the objectivity of our conception.

What of a platonist who believes in indeterminacy? Yablo’s question– how then do
we pick out one model as the intended model?– bears some similarity to Benacerraf’s
question of how we manage to refer to or have knowledge of mathematical entities
without having any causal contact with them. Yablo seems to be asking for an explana-
tion of our ability to pick out the objects of mathematics. But this seems to have exactly
the status of Field’s request for an explanation of the correctness of our mathematical
beliefs.

The platonist, of course, might also say that we cannot pick out the intended model;
the indeterminacy of our mathematical conceptions may entail the indeterminacy of
reference in mathematics, which is arguably a conclusion of Benacerraf (1965). This
may do no more to disrupt mathematical discourse than the indeterminacy of reference
in general disrupts our discourse about rabbits (Quine 1960). The upshot of Quine’s
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arguments seems to be that it is indeterminate whether the natives (or, by Quine 1969,
we) are speaking of rabbits, undetached rabbit parts, rabbithood, etc. But they are
speaking of something with rabbit-like characteristics. Similarly, it may be indetermi-
nate whether mathematicians are speaking of categories, sets, classes, numbers, etc.,
but clear that they are speaking of something with abstract characteristics. (It is per-
haps enough to observe that, whatever they are speaking about, they are committing
themselves to infinitely many of them.)

Let’s turn to the positive portion of Yablo’s argument. Yablo’s fictionalist account,
he contends, in contrast to a platonistic account, succeeds in explaining a great deal. It
explains why numbers are “thin,” lacking any hidden nature; for mathematical objects,
nominal and real essence coincide. It explains why numbers are indeterminate with
respect to identity relations involving nonnumbers; it is determinately true that 0× 2
= 0, and determinately false that 0× 2 = 2, but indeterminate whether 2= {{∅}} or 2
= {∅, {∅}}. It explains why applied arithmetical statements are translucent; we imme-
diately see through them to recognize their implications for concreta. It explains why
people are impatient with any objection to mathematics on ontological grounds, since
the ontological status of its objects makes no difference to what a mathematical theory
is communicating. It explains why mathematical theories are excellent representational
aids, applying readily to the world. And it explains why mathematical assertions strike
us as necessary and a priori; they do not depend on the actual existence or contingent
circumstances of their objects.

3 A Brief History of Fictionalism

The problem fictionalism addresses is ancient: the problem of knowing the forms.
Plato hypothesized the existence of forms, universals standing outside the causal order
but explaining its structure. If they remain outside the causal order, however, how is it
possible to know anything about them? Aristotle, arguably, had formulated a version
of Benacerraf’s dilemma in his criticisms of the theory of forms inMetaphysicsI, 9:
“if the Forms are numbers, how can they be causes?” Fictionalism might be read into
some forms of ancient skepticism and into an alternative outlined (but not accepted) by
Porphyry, that universals arenuda intellecta. But the earliest philosopher to endorse a
fictionalist strategy is probably Roscelin. The father of nominalism, Roscelin sought to
solve the problem posed by knowing the forms by denying their existence. He main-
tained that abstract terms areflatus vocis, puffs of the voice, empty noises, reflecting
Boethius’s thought thatNihil enim aliud est prolatio (vocis) quam aeris plectro lin-
guae percussio. It is not clear exactly what position Roscelin meant to endorse by this
claim; we do not know whether he thought abstract terms were empty of meaning or
empty of reference. If the latter, which is in any case a more plausible position to hold,
Roscelin might reasonably be considered a fictionalist about universals. Here are some
highlights in the history of fictionalism, designed to illustrate some important types of
fictionalism. (For an alternative history that fills in many gaps in the following, see
Rosen 2005.)
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3.1 William of Ockham: Reductive Fictionalism

The earliest fictionalism of which we have any detailed record is probably William of
Ockham’s. Ockham explicitly speaks of universals asficta, and makes it clear that, in
his view, they do not exist; everything that exists is particular. Whether we interpret
this as a form of nominalism, as most traditional commentators have, or as a form of
conceptualism, as some more recent scholars have, it is in any case the thesis that sen-
tences seemingly referring to universals can succeed in their linguistic function even
though nothing in mind-independent reality corresponds to a universal. (See, for ex-
ample, Boehner 1946, Adams 1977, 1987, Tweedale 1992, and Spade 1998, 1999a,
1999b.)

It is important to note that, from Ockham’s point of view, one must do more to break
the success-existence link than interpret discourse involving abstract terms as fictional.
Ockham assumes that sentences involving abstract terms play a role in discourse, and
that, to make the case the case that such terms need not be taken seriously from an
ontological point of view, one must explain how it is possible for them to play such
a role. Ockham initiates one of the traditional strategies for doing so, arguing that
abstractions are shorthand for expressions that fill the same semantic and pragmatic role
but without invoking the existence of objects lying outside the causal order.Socrates
exemplifies wisdomis an inefficient way of saying that Socrates is wise (Ockham 1991,
105ff); Courage is a virtueis an efficient way of saying that courageous people and
courageous actions areceteris paribusvirtuous. To saySocrates and Plato are similar
with respect to whiteness, Ockham says, is just to say that Socrates is white and Plato
is white (572). In general, every true sentence containing abstract terms translates into
a true sentence containing only concrete terms, and vice versa: “it is impossible for a
proposition in which the concrete name occurs to be true unless the [corresponding]
proposition in which its abstract [counterpart] occurs is true” (432).

Ockham thus outlines thereductivestrategy: we may break the link between suc-
cess and existence by arguing that the use of abstract terms, for example, is unnec-
essary. Anything that can be said with abstract terms can be said without them. A
language without abstract terms could thus in principle fill every role in discourse that
a language with abstract terms can fill. Of course, it might do so inefficiently; there
may be good practical reasons to use abstract language. Nevertheless, its in-principle
eliminability shows that the ontological commitments such language seems to force
upon us are also in principle eliminable. If abstract language is unnecessary, then so
is a commitment to abstract entities. Note that the reductive strategy breaks the chain
from success to existence not by denying the truth of the sentences with troublesome
ontological commitments but by denying that they form an essential part of an accurate
description of the world. Though the sentences may make commitments to objects to
which we stand in no empirically scrutable relation,weeven in asserting them make no
such commitment, because we can treat them as optional abbreviations for sentences
making no such commitment.

Though Ockham considers reductionism a version of fictionalism, and though Ben-
tham, Russell, and others have agreed, he is probably wrong to do so. At any rate, a
reductive fictionalism seems not to take advantage of anything distinctive of fictional-
ism. (1) The analogy with fiction is not very strong (Burgess 2004). On a reductive
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account, sentences ostensibly making commitments to abstract objects are better un-
derstood as being about something else. But fictional statements, it seems plausible
to claim, are not about something other than fictional characters. Sherlock Holmes is
a detective by virtue of the fact than Sir Arthur Conan Doyle described him that way.
But it would be strange to say thatSherlock Holmes is a detectiveshould be translated,
from an ontological point of view, intoSir Arthur Conan Doyle described Sherlock
Holmes as a detective, and not only because the latter still seems to refer to Holmes. It
would be even stranger to say that the former sentence is really about descriptions. In
any case, such translations are not recursive in the way that reductive translations ought
to be. (2) However this may be, reductive theories interpret purported truths about ob-
jectionable entities as truths about acceptable entities. They translate sentences with
ostensible commitments to abstracta into sentences without such commitments. The
criterion for the translation’s success is truth preservation. Not only does the discourse
thus emerge as truth-normed, though in an unexpected way; the discourse still commits
one to objects, even if not to the objects one initially took it as being about. Existen-
tial sentences translate into other existential sentences. Hawthorne’s sentence inTwice
Told Tales, viewed as fictional, however, seems to force no commitments at all.

3.2 Jeremy Bentham: Instrumentalist Fictionalism

Jeremy Bentham is perhaps the first philosopher to have advocated fictionalism explic-
itly. His theory of fictions, which exerted a powerful influence on Bertrand Russell
at an early stage of his thought, appears over the course of seven of Bentham’s works
and still receives surprisingly little attention. But Bentham thought of it as one of his
chief achievements, something upon which most of his other philosophical conclusions
depend.

Bentham distinguishes fictitious entities not only from real entities but also from
fabulousentities, ”supposed material objects, of which the separate existence is capable
of becoming a subject of belief, and of which, accordingly, the same sort of picture is
capable of being drawn in and preserved in the mind, as of any really existing object”
(Bentham 1932,xxxv-xxxvi). Fabulous objects, in other words, are nonexistent objects
of existent kinds (legendary kings, for example, or countries such as Atlantis or El
Dorado) or nonexistent objects of nonexistent kinds (dragons, elves, or the Loch Ness
Monster); they would pose no particular metaphysical or epistemological problems if
they were to exist. Ordinary fiction thus introduces, primarily, fabulous objects by way
of referring expressions that would, if they were to denote at all, denote substances.

Fictitious objects, in contrast, do not “raise up in the mind any corresponding im-
ages” (xxxvi); their names function grammatically as if they were names of substances,
but would not refer to substances even if their referents were to exist. We speak as
if such names refer to real objects, “yet in truth and reality existence is not meant to
be ascribed” (12). “To language, then– to language alone– it is, that fictitious enti-
ties owe their existence; their impossible, yet indispensable, existence” (15). Every
language must speak of a fictitious object as existing– in that sense, their existence is
indispensable– “but without any such danger as that of producing any such persuasion
as that of their possessing, each for itself, any separate, or, strictly speaking, any real
existence” (16).
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Distinguishing fabulous from fictitious objects might serve as an argument against
fictionalism, for it suggests that the objects of mathematics, for example, are not very
closely analogous to ordinary fictional entities. But Bentham nevertheless applies his
theory of fictions directly to mathematics. Quantity, he contends, is the chief subject
matter of mathematics, and is fictitious. “The ink which is in the ink-glass, exists there
in a certain quantity. Herequantityis a fictitious substance– a fictitious receptacle– and
in this receptacle the ink, the real substance, is spoken of as if it were lodged” (xxxviii).
Pure mathematics, Bentham holds, “is neither useful nor so much as true” (WorksIX,
72). This makes it sound as if Bentham were breaking the success-existence chain by
denying the truth of mathematics in the way that most contemporary fictionalists do. In
fact the picture is more complicated. “A general proposition which has no individual
object to which it is truly applicable is not a true one” (WorksVIII, 163), Bentham
says, denying that certain branches of pure mathematics are true. But he concedes that
geometry can be given an interpretation in which it applies, for example, to all spherical
bodies, in which case it is properly viewed as a true or false theory of those physical
entities. If such entities are “capable of coming into existence, it may be considered as
having a sort of potential truth” (WorksVIII, 162).

So, in Bentham’s view, there are three kinds of mathematical theories: the theories
of applied mathematics, which are empirical theories of the world; theories with po-
tential truth, which would be true if their objects, which are capable of existing, were
to exist; and theories with no kind of truth at all, of objects that are not even capa-
ble of existing. Corresponding to these three kinds of theories are three strategies for
reconciling the semantics and epistemology of mathematics: theempirical strategy,
the strategy of John Stuart Mill and W. V. O. Quine, which holds that mathematics is
an empirical theory and is thus in no sense fictional; themodalstrategy, the strategy
of Cantor, Poincaŕe, and Chihara, which holds that mathematics is a theory of possible
objects and is thus fictional in the sense that fiction, too, describes possible objects; and
the instrumentaliststrategy, the strategy of Hartry Field, which holds that mathematics
is not true but rather an instrument or, as Bentham would say, a successful system of
contrivances for a practical purpose.

There is considerable merit, Bentham maintains, in the reductive strategy, which
locates the success of mathematics in “mereabbreviation... nothing but a particular
species ofshort-hand” (183), but ultimately, he insists, that is not enough; “Newton,
Leibnitz, Euler, La Place, La Grange, etc., etc.– on this magnificent portion of the field
of science, have they been nothing more than so many expertshort-hand writers?”
(37) He emphasizes, therefore, the view of mathematics as a system of contrivances.
It is not clear what Bentham means bycontrivance, but he does give examples: “the
conversion of algebraic method into geometrical ... the method offluxions... and the
differential and integral calculus” (169). The success of such contrivances consists in
their satisfying two conditions. First, there must be kinds of empirical circumstances to
which the theory with its attendant fictions would be applicable. Second, there must be
some advantage to using such a theory in such circumstances. Mathematics is not true,
but it succeeds to the extent that it serves as a successful instrument in reasoning about
empirical states of affairs, specifically, in proceeding from the known to the unknown.
Mathematics introduces objects– infinite collections, for example, limits, derivatives,
integrals, tangent lines, etc.– that cannot be reduced to nonmathematical entities, but
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which prove useful in deducing conclusions about nonmathematical entities.

3.3 C. S. Peirce: Representational Fictionalism

The fictionalism of nominalists from Roscelin to Bentham has been motivated by an
epistemological attitude we might construe as at least a proto-empiricism. Two other
forms of fictionalism stem from rather different perspectives: Peirce’s pragmatism and
Vaihinger’s Kantianism.

C. S. Peirce developed a view of mathematics that might be counted as a variety
of fictionalism. Mathematics, Peirce says, has always been more or less a trade (1898,
137). We can understand the nature of mathematics only by understanding what service
it is to other disciplines. Its purpose, he writes, is to draw out the consequences of
hypotheses in the face of complexity:

An engineer, or a business company (say, an insurance company), or a
buyer (say, of land), or a physicist, finds it suits his purpose to ascertain
what the necessary consequences os possible facts would be; but the facts
are so complicated that he cannot deal with them in his usual way. He calls
upon a mathematician and states the question. . . . He [the mathematician]
finds, however in almost every case that the statement has one inconve-
nience, and in many cases that it has a second. The first inconvenience
is that, though the statement may not at first sound very complicated, yet,
when it is accurately analyzed, it is found to imply so intricate a condition
of things that it far surpasses the power of the mathematician to say with
exactitude what its consequence would be. At the same time, it frequently
happens that the facts, as stated, are insufficient to answer the question that
is put. (1898, B 137-38, CP 3.349)

Think of a child measuring a line segment as, say, 5 cm long. Almost certainly, the
measurement is an approximation; the line is slightly shorter or longer. Similarly with
a surveyor’s angle. An economist predicting a firm’s profits seems to be in a bit better
position, since money comes in discreet units. But the complexity of predicting profits
is immense, since many factors influence income and expenditure and do so in com-
plicated ways. A physicist calculates the trajectory of a projectile using approximate
values for force, velocity, distance, etc., and ignoring the effects of friction, the moon’s
gravitational pull, and so on. In short, the real world is overwhelmingly complicated.
This provides the chief motivation but also the chief difficulty for applying mathematics
to real-world problems.

Essential to the application of mathematics to the world, therefore, is idealization.
Like the economic principles linking variables such as population growth, personal
income, the inflation rate, etc. to income and expenditures, the physical laws govern-
ing the motion of projectiles successfully relate quantities in an idealized, simplified
version of the real situation, not the real situation itself. The world is full of friction,
vagueness, imprecision– in short, noise. The noise itself can be studied and classified.
But it cannot be eliminated. One can deduce consequences only by abstracting from it:

Accordingly, the first business of the mathematician, often a most diffi-
cult task, is to frame another simpler but quite fictitious problem (supple-
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mented, perhaps, by some supposition), which shall be within his powers,
while at the same time it is sufficiently like the problem set before him
to answer, well or ill, as a substitute for it. This substituted problem dif-
fers also from that which was first set before the mathematician in another
respect: namely, that it is highly abstract. (1898, B 138, CP 349)

This “skeletonization” or “diagrammatization” serves “to strip the significant relations
of all disguise” (B 138, CP 349) and thus to make it possible to draw consequences.

In idealizing a problem in this way, Peirce writes,

The mathematician does two very different things: namely, he first frames
a pure hypothesis stripped of all features which do not concern the draw-
ing of consequences from it, and this he does without inquiring or caring
whether it agrees with the actual facts or not; and, secondly, he proceeds
to draw necessary consequences from that hypothesis. (1898, B 138, CP
349-350)

A pure hypothesis “is a proposition imagined to be strictly true of an ideal state of
things” (1898, B 137, CP 348).

The principles used by the engineer, the economist, or even the physicist are not like
that; “in regard to the real world, we have no right to presume that any given intelligible
proposition is true in absolute strictness” (1898, B 137, CP 348). The real world is
complicated; principles tends to hold of it onlyceteris paribus, or in the absence of
any complicating factors. Some laws of nature may be simple enough to be easily
intelligible while also holding absolutely, as Galileo thought, but we have no right to
expect that to be the case in general. In some areas, “the presumption in favor of a
simple law seems very slender” (1891, 318). “We must not say that phenomena are
perfectly regular, but that their degree of regularity is very high indeed” (unidentified
fragment, 1976, xvi); “The regularity of the universe cannot reasonably be supposed to
be perfect” (“Sketch of a New Philosophy,” 1976, 376). Peirce offers an evolutionary
account of laws that explicitly rejects the assumption that the ultimate laws of nature
are simple and hold without exception:

This supposes them [laws of nature] not to be absolute, not to be obeyed
precisely. It makes an element of indeterminacy, spontaneity, or absolute
chance in nature. Just as, when we attempt to verify any physical law,
we find our observations cannot be precisely satisfied by it, and rightly
attribute the discrepancy to errors of observation, so we must suppose far
more minute discrepancies to exist owing to the imperfect cogency of the
law itself, to a certain swerving of the facts from any definite formula.
(1891, 318)

In sum, “There are very few rules in natural science, if there are any at all, that will
bear being extended to the mostextreme cases” (1976, 158). Mathematics, however,
abstracts away from complications, using principles that hold absolutely of idealized
states of affairs. Since idealization or diagrammatization involves two components, the
construction of a pure hypothesis or ideal state of affairs and the derivation of conse-
quences from it, so mathematics can be defined in two ways, as the science “of drawing
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necessary conclusions” or “as the study of hypothetical states of things” (1902, 141).
The latter conception is essentially fictionalist. They are equivalent, Peirce sometimes
maintains, because the fact “that mathematics deals exclusively with hypothetical states
of things, and asserts no matter of fact whatever” alone explains “the necessity of its
conclusions” (1902, 140).

Peirce’s account of the nature of mathematics comprises, then, the following theses:

1. The real world is too complicated to be described correctly by strictly universal
principles.

2. At best, laws governing the real world holdceteris paribusor in the absence of
complicating factors.

3. In applying mathematics to the real world, we

(a) build idealized models that abstract away from many features of the world
but highlight others;

(b) deduce consequences of assumptions using the pure hypotheses, i.e., strictly
universal principles holding in those models; and

(c) use those consequences to derive consequences for the real world.

On this Peircean theory, which I will termrepresentational fictionalism, the ap-
plicability of mathematics to the real world is no mystery; mathematical theories are
designed to be applicable to the world. Mathematics is the science of constructing ide-
alized models into which aspects of the real world can be embedded and using rules to
derive consequences from the models that,ceteris paribus vel absentibus, apply to the
real world. That means that measurement and, more generally, the representability of
features of the world in mathematics is essential to mathematical activity. There is no
need to worry about the interpretability of mathematics in concrete terms; the issue is
the interpretability of our theories of the concrete in mathematical terms. In Peirce’s
terms, “all [combinations] that occur in the real world also occur in the ideal world. . .
. [T]he sensible world is but a fragment of the ideal world” (1897, 146). Consequently,
“There is no science whatever to which is not attached an application of mathematics”
(1902, CP 112).

There are, in first-order languages, at least, two equivalent ways of thinking about
the interpretability of theories of the real world in mathematics. We might interpret
theories of the concrete in mathematics by translating nonmathematical language into
mathematical language. More naturally, we might represent nonmathematical objects
and relations mathematically by mapping them into mathematical objects and relations.
We apply mathematics by embedding nonmathematical structures into mathematical
ones. It is natural to identify mathematical theories, therefore, by the structures (e.g.,
the natural numbers, the integers, the reals) they describe, and to think of mathematical
theories as describing intended models. It is likewise natural to think of mathematics
as a science of structure or patterns; to apply mathematics to a real-world problem is to
find a mathematical structure that encompasses the relevant structure of the real-world
situation.
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One may think of mathematics, consequently, as a universal container– a body of
theory into which any actual or even possible concrete structure could be embedded.
There may be a single mathematical theory– set theory or category theory, perhaps–
general enough to serve by itself as a universal container. But this is not essential to
the Peircean theory. What matters is that mathematics collectively be able to play this
role. The more general a mathematical theory is, of course, the more useful it is, and
the more basic it can be taken to be within the overall organization of mathematics.

Because mathematics strives to be a universal container in which any concrete
structure can be embedded, mathematical theories tend to have infinite domains. This
accounts for the dictum that mathematics is the science of the infinite. But mathemat-
ics does not study the infinite for its own sake; it studies the infinite because it studies
structures into which other finite and infinite structures can be embedded.

The application of mathematics does not require that it be true. In some ways,
Peirce’s account of mathematics and its application presages Field’s (1980) account.
But there are important differences. For Peirce, there is no reason to assume that the
real world can be described in nonmathematical terms. We map certain structures into
mathematical structures so readily that we may lack any nonmathematical language
for describing them. Also, for Peirce, mathematics need not be conservative; it may
be possible to use a mathematical model to derive conclusions concerning a real-world
problem that are false in the real world. This may happen because the mathematical
theory contains structure that goes beyond the structure of the corresponding situation
in the real world. The density and continuity of the real line, for example, may permit
us to obtain conclusions about an actual concrete line segment that are false. It may
also happen because of the complicated character of the real world. The real world
is unruly, but the ideal world into which it is embedded is rule-governed. Inevitably,
some things that hold of the idealized model will not hold in the real world. That is
why aceteris paribusproviso is needed.

3.4 Hans Vaihinger: Free-range Fictionalism

From a very different epistemological standpoint is the fictionalism of Hans Vaihinger,
who elaborated his particular form of Kantianism (called “Positivistic Idealism” or
“Idealistic Positivism”) inThe Philosophy of As-If, the chief thesis of which is that “‘As
if’, i.e. appearance, the consciously-false, plays an enormous part in science, in world-
philosophies and in life” (xli). Vaihinger seems to think of fictionalism in attitudinal
terms; he holds that “we operate intentionally with consciously false ideas.” “Fictions,”
he maintains, “are known to be false” but “are employed because of their utility” (xlii ).
Fictions are artifices, products of human creative activity and as such “mental struc-
tures” (12). They act as “accessory structures” helping human beings make sense of “a
world of contradictory sensations,” “a hostile external world.” Vaihinger, inspired by
Schiller’s phrase, “In error only is there life,” finds fictions throughout our mental life,
and interprets Kant’sCritique of Pure Reasonas showing that many of the concepts of
metaphysics and ethics, not to mention ordinary life, are fictional. The same is true of
mathematics.

How do we identify something as a fiction, particularly when there is disagree-
ment about the attitude one ought to take toward it? The paradigms of a demonstration
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of fictional status, for Vaihinger, are Kant’s antinomies of pure reason. In short, the
mark of fiction is contradiction. Reality is entirely consistent; anything that success-
fully describes it must be consistent. But fiction need not obey any such constraint.
Of course, a writer may and typically does seek consistency in a work of fiction, the
better to describe a world that could be real. But consistency is inessential, and, in
philosophically interesting cases, highly unusual. We resort to fictions to make sense
of an otherwise contradictory experience, and characterize them to meet contradictory
goals in generally contradictory ways.

In the case of mathematics, specifically,

The fundamental concepts of mathematics are space, or more precisely
empty space, empty time, point, line, surface, or more precisely points
without extension, lines without breadth, surfaces without depth, spaces
without content. All these concepts are contradictory fictions, mathemat-
ics being based upon an entirely imaginary foundation, indeed upon con-
tradictions. (51)

Most fictionalists have thought of consistency as the only real constraint on fiction
and, so, on mathematical existence. But Vaihinger, impressed perhaps with the incon-
sistencies in the theories of infinitesimals, infinite series, functions, and even negative
numbers that prompted the great rigorization projects of Cauchy, Dedekind, Peano,
and others in the nineteenth century, and certainly taking as an exemplar the theory of
limits, held that

The frank acknowledgment of these fundamental contradictions has be-
come absolutely essential for mathematical progress. (51)

The point, from his perspective, is not to recognize contradictions in order to get rid
of them but rather to understand the fictional nature of the objects supposedly being
described.

There is therefore no object in trying to argue away the blatant contradic-
tions inherent in this concept [of pure absolute space]. To be a true fiction,
the concept of space should be self-contradictory. Anyone who desires to
“free” the concept of space from these contradictions, would deprive it of
its characteristic qualities, that is to say, of the honour of serving as an
ideal example of a true and justified fiction. (233)

In addition to the items already listed, Vaihinger counts as contradictory theses that
a circle is an ellipse with a zero focus; that a circle is an infinite-sided polygon; and
that a line consists of points. He would no doubt have taken Russell’s paradox, the
Burali-Forti paradox, Richard’s paradox, and so on as lending strong support to his
thesis. (The Philosophy of As-Ifwas published in 1911, but he wrote Part I, in which
he developed his fictionalism, in 1877.)

Mathematics is an instance of the method of abstract generalization, “one of the
most brilliant devices of thought” (55), but one which easily generates contradictions
and in general produces fictions. “The objects of mathematics are artificial prepa-
rations, artificial structures, fictional abstractions, abstract fictions” (233); “they are
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contradictory constructs, a nothing that is nevertheless conceived as a something, a
something that is already passing over into a nothing. And yet just these contradic-
tory constructs, these fictional entities, are the indispensable bases of mathematical
thought” (234).

It is tempting to see Vaihinger’s idealistic fictionalism as quaint, a product of
nineteenth-century German idealism that has little relevance to contemporary discus-
sions of fictionalism. As Vaihinger’s analysis of the Leibniz-Clarke correspondence
shows, however, that is not so. The fact that we might imagine everything in space
displaced some distance to the right, or everything in time displaced some period into
the future or past, but find the results of those thought experiments indistinguishable
from the actual state of affairs shows, according to Vaihinger, that absolute space and
time are fictions. The contradiction here, like the contradiction he finds in the idea of
an extensionless point, a limit, and infinitely large or infinitely small quantity, etc., is
not strictly speaking logical but epistemological. There is no contradiction in the idea
of everything being displaced two feet to the right, or everything have been created
two minutes before it actually was; but such hypotheses also seem pointless, for there
would be no way to tell whether they were true or not. Vaihinger does not elaborate the
exact nature of the contradiction this situation entails.

On one interpretation, absolute space and time imply the possibility of different
states of affairs that are in principle (and not merely as a result of limitations of our
own cognitive capacities) not empirically distinguishable. The contradiction is thus not
really self-contradiction, though Vaihinger sometimes describes it in those terms. It is
a contradiction with the positivistic part of his positivistic idealism. But that again de-
scribes it too narrowly, for the contradiction is with a thesis that can seem appealing for
reasons independent of positivism, namely, that the objects a theory postulates ought to
be in principle empirically scrutable. The objects of mathematics are not logically in-
coherent but epistemically incoherent; their inaccessibility makes them philosophically
objectionable even if practically indispensable.

On another interpretation, the contradiction stems from our inability to distinguish
isomorphic structures. It is characteristic not only of mathematics but of all discourse,
Vaihinger believes, that isomorphic structures are indiscernible. Any concept, proposi-
tion, or entity that depends for its sense on the discernibility of isomorphic structures
is fictional; its contradictory character lies in its presumption of the discernibility of
indiscernibles. Vaihinger’s view, so construed, bears an interesting relation to contem-
porary structuralist accounts of mathematics. The structuralist, from his perspective, is
essentially correct, but misses part of the story. Mathematics, properly understood, is
structuralist in the sense that its objects can be nothing more than roles in a certain kind
of structure. But it purports to be something else; it presents its objects as if they were
substances analogous to concrete objects in the causal order. The argument of Benac-
erraf 1965, that mathematics can characterize its objects only up to isomorphism even
within the realm of mathematics itself, Vaihinger would no doubt take as demonstrating
the fictional nature of mathematics.
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4 Science Without Numbers

Hartry Field single-handedly revived the fictionalist tradition in the philosophy of math-
ematics inScience Without Numbers(Field 1980). Field begins with the question of
the applicability of mathematics to the physical world, something about which most
earlier versions of fictionalism had little to say. (Peirce’s representational fictionalism
is an obvious exception.) Field offers an extended argument that “it is not necessary
to assume that the mathematics that is applied is true, it is necessary to assume little
more than that mathematics is consistent” (vii). Since “nopart of mathematics is true...
no entities have to be postulated to account for mathematical truth, and the problem of
accounting for the knowledge of mathematical truths vanishes” (viii ).

Field’s fictionalism is plainly of the instrumentalist variety; mathematics is an in-
strument for drawing nominalistically acceptable conclusions from nominalistically
acceptable premises. He shows that, for mathematics to be able to perform this task, it
need not be true. It must, however, beconservative: Anything nominalistic that is prov-
able from a nominalistic theory with the help of mathematics is also provable without
it. Roughly,Γ∪M |= A⇔ Γ |= A, whereM is a mathematical theory andΓ andA make
no commitment to mathematical entities. Usually, a purely nominalistic proof would
be far less efficient than a platonistic proof. Mathematics is thus practically useful, and
perhaps even heuristically indispensable, since we might never think of certain connec-
tions if confined to a purely nominalistic language. But mathematics is theoretically
dispensable; anything we can do with it can be done without it.

Field gives a powerful argument for the conservativeness of mathematics, though
there is a limitation that points in the direction of representational fictionalism. (For
an excellent discussion of the technical aspects of Field’s work, see Urquhart 1990.)
Let ZFUV(T) be Zermelo-Fraenkel set theory with urelements, with the vocabulary of a
first-order, nominalistic physical theoryT appearing in instances of the comprehension
axiom schema. LetT∗ beT with all quantifiers restricted to nonmathematical entities.
If T can be modeled within ZF, then ZF̀Con(T) (the consistency statement forT), and
so ZFUV(T) + T∗ is interpretable in ZFUV(T), indeed, in ZF. Interpretability establishes
relative consistency, so, if ZF is consistent, ZFUV(T) + T∗ is consistent. LetT beN ∪
{¬A}. Then, if ZFUV(T) + N∗ + ¬A∗ is inconsistent– that is, if ZFUV(T) + N∗ ` A∗–
then, if ZF is consistent, ZF0 Con(N∗ + ¬A∗). Hence,N∗ + ¬A∗ cannot be modeled
in ZF, and soN∗ ` A∗. On the assumption that ZFU is strong enough to model any
mathematical theory that might usefully be applied to the physical world, this yields
the conclusion that mathematics is conservative. Mathematics is conservative, that is,
with respect to theories that are interpretable within it.

Field treats that assumption as safe, given set theory’s foundational status in mathe-
matics. It is not, however, unassailable; second-order set theory and ZFU+ Con(ZFU)
are two theories that cannot be modeled in ZFU. Second-order set theory, unlike ZF,
is categorical; all its models are isomorphic, which means that the continuum hypoth-
esis, for example, is determinately true or false within it. (We do not know which.)
Perhaps nothing physical will ever turn on the truth of the continuum hypothesis. We
know, however, that whether certain empirical testing strategies are optimal depends on
the continuum hypothesis (Juhl 1995), so empirical consequences should not be ruled
out. Similarly, ZFU+ Con(ZFU) might seem to add nothing of physical relevance to
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ZFU. But there may well be undecidable sentences of ZFU that do not involve coding
but have real mathematical and even physical significance, just as there are undecid-
able sentences of arithmetic with real mathematical significance (Paris and Harrington
1977).

The difficult part of Field’s argument lies in showing that we do not need mathe-
matics to state physical theories in the first place. Given nominalistic premises, we can
use mathematics without guilt in deriving nominalistic conclusions. But why should
we have confidence that we can express everything we want to say in nominalistically
acceptable form? Malament (1982) argues, for example, that Field’s methods cannot
apply to quantum field theory. It is hard to evaluate that allegation without making
a full-blown attempt to rewrite quantum field theory in nominalistically acceptable
language (but see Balaguer 1996, 1998). There are similar problems involving relativ-
ity; the coordinate systems of Riemannian and differential geometries cannot be rep-
resented by benchmark points as Euclidean geometry can, and such geometries have
not been formalized as Hilbert, Tarski, and others have formalized Euclidean geometry
(Burgess and Rosen 1997, 117-118). Even if all of current science could be so rewrit-
ten, however, there seems to be no guarantee that the next scientific theory will submit
to the same treatment (see Friedman 1981, Burgess 1983, 1991, Horgan 1984, Resnik
1985, and Sober 1993). Consequently, as impressive as Field’s rewriting of Newtonian
gravitation theory is– and itis impressive– it is hard to know how much confidence one
should have in the general strategy without a recipe for rewriting scientific theories in
general.

There is an obverse worry as well. Modern theories of definition (as in, for ex-
ample, Suppes 1971) generally have criteria of eliminability and noncreativity or, in
Field’s language, conservativeness. That is, an expression is definable in a theory if
(1) all occurrences of it can be eliminated unambiguously without changing truth val-
ues and if (2) one cannot prove anything in the remainder of the language by using the
expression that one could not also prove without it. For ann-ary predicateR, these con-
ditions hold if and only if the theory contains a universalized biconditional of the form
∀x1...xn(Rx1...xn ↔ A(x1...xn)), whereA is an expression withn free variables that
does not containR. Now suppose thatR is a mathematical predicate. Field’s program
requires that it be eliminable– in the strong sense of being replaceablesalva veritateby
nominalistically acceptable expressions– and conservative. It seems to follow thatR
is definable in nonmathematical terms. Generalizing to all mathematical expressions,
the worry is that mathematics meets Field’s conditions if and only if mathematics is
reducible to nominalistically acceptable theories. As Stanley (2001) puts the objection,
“a pretense analysis turns out to be just the method of paraphrase in disguise” (44).

Does Field’s instrumentalist fictionalism collapse into a reductive fictionalism? To
understand what Field is doing, we must understand the ways in which his approach
falls short of a reduction of mathematics to nonmathematical theories. The key is
the expressability of physical theories in nominalistically acceptable terms. In three
respects, we might interpret Field’s eliminability requirement as weaker than that in-
voked in theories of definition.

First, the eliminability need not be uniform. We must be able to write physical
theories, for example, in forms that make no use of mathematical language and make
no commitment to mathematical objects. But that might fall short of a translation of a
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standard physical theory into nominalistic language, for we might substitute different
nominalistic language for the same mathematical expression in different parts of the
theory. Presumably we can specify the contexts in which the mathematical expression
is replaced in a given way. But we may not be able to express that specification within
the language of the theory itself.

Second, even if we were to have a reduction of a physical theory expressed math-
ematically into a physical theory expressed nominalistically, we would not necessarily
have a reduction of mathematics to a nominalistic theory. We might, for example, know
how to express the thought that momentum is the integral of force in nominalistic terms
without being able to translateintegral in any context whatever. Any definitions of
mathematical terms that emerge from this process, in short, might be contextual defini-
tions, telling us how to eliminate mathematical expressions in a given context without
telling us how to define them in isolation.

For an analogy, consider Russell’s theory of descriptions. Russell stresses that he
gives us, not a definition ofthe, but instead a contextual definition of a description in
the context of a sentence. We can representThe F is Gas∃x∀y((Fy↔ x = y) & Gx),
but we have no translation ofthe or eventhe F in isolation. By using the lambda
calculus, we can provide such definitions; we might definethe F, for example, as
λG∃x∀y((Fy ↔ x = y) & Gx) andtheasλFλG∃x∀y((Fy ↔ x = y) & Gx). But such
definitions are not expressible in the original first-order language. Moreover, an analo-
gous strategy for mathematics does not seem particularly plausible. It may be true that
integration is a relation that holds between momentum and force, for example, but it is
hardly the only such relation, or even the only such mathematical relation. Even if it
were, characterizing it in those terms would not be very helpful in eliminating integra-
tion from theories about work or electrical force, not to mention volume or aggregate
demand.

Third, given the potentially contextual nature of nominalistic rewritings of physi-
cal theories, the best we might hope for within our original language is a translation
of a mathematical expressions into universalized infinite disjunctions. The context
dependence of the rewriting, in short, presents a problem similar to that of multiple
realizability. Mathematical concepts are multiply realizable in physical theories, and
we might not be able to do better than to devise an infinite disjunction expressing the
possible realizations. That would yield a reduction of mathematics not to a nominalis-
tically acceptable theory but instead to an infinitary extension of that theory. As I have
argued elsewhere (1991, 1995), this would be equivalent to showing that mathematics
supervenes on nominalistically acceptable theories.

At most, then, Field’s fictionalism commits him to the claim that mathematics su-
pervenes on theories of the concrete. That would be enough, however, to cast doubt
on his claim to be advancing a version of fictionalism, for it would commit him to
the claim that mathematics is true and moreover true by virtue of exactly what makes
concrete truths true.

To evaluate this objection, we need to characterize Field’s method more precisely.
Field 1980, 89-90, presents his method as including the following steps:

1. We begin with a physical theoryT expressed using mathematics. We define a
nominalistic axiom systemS any model of which is homomorphically embed-
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dable inR4. This is equivalent to requiring thatS reduce toTh(R4): S ≤ Th(R4).

2. We expandS to S′ ⊇ S by adding statements that express a nominalistic physical
theory in a language making no commitments to mathematical entities. This
expanded theory is such thatS′ + M |= T andT + M |= S′, whereM ⊇ Th(R4).
If S′ andT are both finitely axiomatizable by, say, &S′ and &T, then ,M |=
&S′ ↔ &T.

3. Let A be a nominalistically statable physical truth. By the conservativeness of
M, T + M |= A ⇒ S′ + M |= A ⇒ S′ |= A. Any nominalistically statable
truth that follows from ordinary physical theory follows from a nominalistically
stated theory. So, “mathematical entities are theoretically dispensable” (Field
1980, 90).

The crucial step here is the second. Not only is it the difficult step from a technical
point of view, the topic of Field’s central chapters; it is the point at which a prospective
nominalist is likely to become faint of heart. What justifies confidence that such anS′

exists?
To answer this question, we need to examine Field’s method in those central chap-

ters. He begins, addressing step (1), by using Hilbert’s axiomatization of geometry to
provide a theory of space-time interpretable inTh(R4). Hilbert’s approach proceeds
by way of representation theorems, which show that the structure of phenomena un-
der certain operations and relations is the same as the structure of numbers or other
mathematical objects under corresponding mathematical operations and relations. A
representation theorem for theoriesT andT′ shows, in general, that any model ofT
can be embedded in a model ofT′. (Generally, we would want to show in addition
that the embedding is unique or at any rate invariant under conditions, something Field
proceeds to do.) A representation theorem forT andT′ thus establishes thatT ≤ T′.
Throughout his treatment of Newtonian gravitation theory– that is, throughout his treat-
ment of step (2)– Field employs the same method. He seeks “a statement that can be
left-hand side of the representation theorem” (71), where the right-hand side is given
by the mathematically expressed physical theory. In short, he seeks a nominalistic the-
ory whose models are embeddable into models of the standard physical theory. Just as,
in step (1), we need a theoryS ≤ Th(R4), so, in step (2), we need a theoryS′ ≤ T +M.
That fact suffices to justify the claim thatT + M |= S′.

What, however, justifies the claim thatS′ + M |= T? What, that is, justifies Field’s
claim that “the nominalistic formulation of the physical theory in conjunction with
standard mathematics yields the usual platonistic formulation of the theory” (90)? We
must choose the nominalistic statements that expandS to S′ in such a way that “if
these further nominalistic statements were true in the model then the usual platonistic
formulation. . . would come out true” (90). Our nominalistic statements must give “the
full invariant content” of any physical law (60). And why should we believe that this
can be done? The thought, inspired by the theory of measurement (e.g., Krantz, Luce,
Suppes, and Tversky 1971), is that there must be intrinsic features of a physical domain
by virtue of which it can be represented mathematically. Those intrinsic features can
be expressed nominalistically. If the intrinsic features of the objects– and, thus, the
statements we build intoS′– were insufficient to entail the mathematical description of
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them resulting from such representation, then the platonistic physical theory of those
objects would unjustifiably attribute to them a structure they do not in fact have. So,
any mathematical representation of physical features of objects must, if justifiable, be
entailed by intrinsic features of those objects. But that implies thatS′ + M |= T.

We are now in a position to understand in what respect Field’s strategy falls short of
establishing the supervenience of mathematics on a theory of concreta. Nothing in the
above implies thatM ≤ S′ or even that there is some nominalistically statable theory
S′′ ⊇ S′ such thatM ≤ S′′. We do, nevertheless, get the result thatM |= &S′ ↔ &T
if S′ andT are finitely axiomatizable. Given mathematics, that is, we can demonstrate
not only the reducibility of the nominalistic theoryS′ to our ordinary physical theory
T, which is required for the representation theorem underlying the applicability of
mathematics to the relevant physical phenomena, but also the equivalence ofS′ and
T moduloour mathematical theory. To fall back on the account of reduction in Nagel
(1961): reducibility is equivalent to definability plus derivability. SinceM |= &S′ ↔
&T, we have derivability, but not definability. We can define the expressions of our
nominalistic language in terms of the mathematical language of our standard physical
theory, but not necessarily vice versa.

None of this is surprising, given Field’s outline of his method. But carrying it out
often gives rise to the temptation to think that we have definability as well. Consider,
for example, his treatment of scalar quantities, as represented by a functionT : R4 7→ R
representing temperature, gravitational potential, kinetic energy, or some other physical
quantity. Suppose that we have a bijectionφ : DS 7→ R4 and a representation function
ψ from a scalar quantity into an interval, each unique up to a class of transformations.
Field observes thatT = ψ ◦ φ−1. He concludes (emphasis in original): “This suggests
that laws about T (e.g. that it obeys such and such a differential equation) could be
restated as laws about the interrelation ofφ andψ; and sinceφ andψ are generated
by the basic [nominalistic] predicates. . . it is natural to suppose that the laws about T
could be further restated in terms of these latter predicates alone” (59-60). In practice,
then, Field often operates by translating mathematical into nonmathematical expres-
sions. The result is not a wholesale reduction of mathematics to a theory of concreta.
But it is a reduction of fragments of mathematics employed in a physical theory to
something nominalistically acceptable.

Stewart Shapiro observes that, since Field provides a model of space-time isomor-
phic toR4, we can duplicate basic arithmetic within Field’s theory of intrinsic relations
among points in space-time. But that allows us to duplicate the Gödel construction and
so devise a sentence in that theory that holds if and only if it is not provable in the
theory. Within the theoryS of space-time, that is, we can construct a sentenceG such
thatS ` G↔ ¬Pr[G], wherePr is the space-time correlate of the provability predicate
and [G] is the code ofG. As usual, we can show thatG is equivalent toCon(S), the
consistency statement forS, thus showing thatS 0 Con(S). So, some mathematical
truths are not derivable fromS.

Gödel’s incompleteness theorems are widely recognized as having dealt a serious
blow to Hilbert’s program, which depended on being able to show the consistency of
infinitary mathematics by finite means. Shapiro rightly recognizes the analogy between
Hilbert’s program and Field’s strategy of using the conservativeness of mathematics to
justify mathematical reasoning. It is not clear, however, whether the analogy is strong
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enough to generate a serious problem for Field. (For discussion, see Shapiro 1983a,
1983b, 1997, 2000 and Field 1989, 1991.) It does follow, it seems, that Field cannot
demonstrate the conservativeness of mathematics by strictly nominalistic reasoning.
We need to employ mathematics to prove its own conservativeness. But Field denies
that this is troublesome, for he sees his project as areductioof the assumption that
mathematical reasoning is indispensable.

Still, we can show in set theory thatG andCon(S) are true, even though neither
can be demonstrated in Field’s space-time theory. That seems to show that mathematics
allows us to prove some truths about space-time that Field cannot capture. We might
put the point simply by saying that if space-time is isomorphic toR4, the theory of
space-time is not axiomatizable. It is, like arithmetic, essentially incomplete. How
heavily this counts against Field’s program seems to depend on how adequately he
can account for set-theoretic reasoning in metamathematics, something no one has
investigated in any detail. For any illuminating discussion of the issues, see Burgess
and Rosen (1997, 118-123).

Field’s program has encountered other, less technical objections. An excellent
source for discussion of the issues is Irvine (1990), which contains discussions of
Field’s work by many of the leading figures in the philosophy of mathematics. Field
(1989) develops Field’s view further, partly in response to various criticisms. It di-
verges in complex ways from Field 1980 and will not be discussed in any depth here.

Bob Hale and Crispin Wright (1988, 1990, 1992) observe that Field’s theory, espe-
cially as developed in Field 1989, takes consistency as a primitive notion, and raise two
objections on that basis. First, both standard mathematical theories and their denials
are consistent and, as conservative, cannot be confirmed or disconfirmed directly. So,
they conclude, Field should be agnostic with respect to the existence of mathemati-
cal objects. Field (1993) points out that this ignores his argument that mathematics is
dispensable, which constitutes indirect evidence against the existence of mathematical
objects. (If mathematics were indispensable in physics, that would constitute indirect
evidence in favor of their existence; Field accepts and, indeed, starts from the Quine
(1951)-Putnam (1971) indispensability argument. See Colyvan (2001).) Second, on
Field’s view, the existence of mathematical objects is conceptually contingent. But
what could it be contingenton? Hale and Wright argue that Field needs an answer.
Without one, the claim of conceptual contingency is not only empty but incoherent.
Field (1989, 1993) responds by denying the principle that, for every contingency, we
need an account of what it is contingent on. It is conceptually possible that God exists;
it is conceptually possible that God does not exist. But we have no account of what
the existence of God might depend on, nor can we even imagine such an account. The
same is true of many conceptual contingencies: the existence of immaterial minds, the
n-dimensionality of space-time, the values of fundamental physical constants, and the
amount of matter in the universe, for example.

Yablo (2001) raises three additional problems for Field:

• The problem of real content: What are we asserting when we say that 2+ 2 =
4? According to Field, we are saying something false, since there are no objects
standing in those relations. A fictionalist carrying out Field’s program may be
well aware of that. We might say that we arequasi-assertingthat 2+ 2 = 4
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without really asserting it. Is there anything we are really asserting? I take it
that Field’s answer is no. We do not have to be viewed as asserting mathematical
statements at all. What we are doing is closer tosupposingthem. It is not clear
why this generates a problem, or why we must be asserting anything at all.

• The problem of correctness: I assert that 2+ 2 is 4, not 5, even though there
may be a consistent and thus conservative theory of the numbers according to
which 2+ 2 = 5. (Let 4 and 5 switch places in the natural number sequence,
for example. On some theories of mathematics, this suggestion makes no sense.
But I take it that Field’s is not one of them.) How can I distinguish correct from
incorrect assertions about the numbers? If the purpose of a mathematical theory,
however, is to characterize up to isomorphism a model into which we can embed
aspects of reality, or even a class of such models, we can distinguish correct from
incorrect characterization of that model, even if there is some arbitrariness about
which model we use.

• The problem of pragmatism: Fictionalists seem to assert sentences, put forward
evidence for them, attempt to prove them, get upset when people deny them, and
so on– all of which normally accompany belief. How, then, does the fictional-
ist’s attitude toward mathematical utterances fall short of belief? This raises the
complex issue of trying to delineate an account of acceptance such as that of Bas
van Fraassen (1980); see Horwich (1991). Placing this in the context of success
in mathematical discourse, however, may make the problem easier. We need an
account of what constitutes mathematical success. Arguably, the instrumentalist
and representational aspects of Field’s fictionalism provide a detailed answer.

Yablo (2002) raises an additional objection. Mathematics, if true at all, seems to be
true necessarily. Most properties of mathematical objects seem to be necessary. Be-
ing odd, for example, seems to be a necessary property of 3. The relations between
mathematical objects– thatπ > 3, for example, or, in set theory, that∀x ∅ ∈ ℘(x)–
appear to hold necessarily. Field thinks he has an explanation: the conservativeness
of mathematics entails the applicability of mathematics in any physical circumstance.
Conservativeness, he quips, is “necessary truth without the truth” (1989, 242). Yablo
objects to this explanation. First, any physical circumstance has a correlate with num-
bers; any circumstance with numbers has a correlate without them. If the first leads
us to treat mathematics as necessary, why doesn’t the second lead us to treat it as im-
possible? This asymmetry, however, seems easy to explain. The conservativeness of
mathematics implies that, in any physical circumstance, it is safe to assume mathemat-
ics and use it in reasoning about physical situations and events. We cannot conceive of
a situation in which mathematical reasoning fails. That any circumstance with numbers
has a correlate without them seems to have no corresponding implication.

Second, mathematical truths seem necessary on their own. For Field, however,
mathematicaltheoriesare conservative. Thatπ > 3, however, seems necessarysim-
pliciter, not merely relative to a theory. It is hard to evaluate this objection, since we
learn about mathematical objects in the context of a theory;π > 3 is a necessary truth
of arithmetic.
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Third, inconsistent statements can both be conservative. But they cannot both be
necessarily true. Both the axiom of choice and its negation are conservative over
physics, presumably, but they cannot both be necessary (unless they are taken as hold-
ing of different parts of the domain of abstracta, as in the Full-Blooded Platonism of
Balaguer 1998). But this seems to relativize mathematics. It conflicts with our sense
thatπ > 3, period, not merely relative to a certain quite specific mathematical theory–
that is, not just relative to set theory, say, but relative to ZFC. Again, however, it is
not clear how much force this objection has against Field’s view. If a class of theories
such as variants of set theory are all conservative over physics, and there is no other
basis for choosing among them, it seems plausible to say of the sentences (e.g., the
axiom of choice or the continuum hypothesis) on which they disagree not that they
are necessarily true but that they are neither true nor false. Imagine a work of fiction
in which there are variant readings in various manuscripts. (This is actually the case
with The Canterbury Tales, for example; there are about eighty different versions.) A
supervaluation over the variants seems the only reasonable policy. This may compli-
cate Field’s picture slightly, but only slightly; it explains our sense of necessity with
respect to those sentences on which the appropriate conservative theories agree while
also explaining our unwillingness to assert or deny those on which they disagree.

5 Balaguer’s Fictionalism

Mark Balaguer (1998) develops versions of platonism and fictionalism bearing some
affinity with Vaihinger’s free-range fictionalism. He does so to show that “platonism
and anti-platonism are both perfectly workable philosophies of mathematics” (4, em-
phasis in original). Platonists might feel vindicated, since they see the burden of proof
as being on the anti-realist; anti-realists might conclude that they were right all along
to insist that a commitment to abstracta is unnecessary. Balaguer himself, however,
concludes that there is no fact of the matter.

To see what Balaguer takes fictionalism to accomplish, it is useful to begin with
his preferred version of platonism, Full-Blooded Platonism (FBP). FBP’s central idea
is that “all possible mathematical objects exist” (5). For abstract objects, possibility
suffices for existence. He observes that this solves many of the philosophical problems
faced by platonism. How is it possible, for example, to know anything about mathe-
matical entities? It’s easy; any consistent set of axioms describes a realm of abstract
entities. No causal contact, empirically scrutable relationship, or explanation of how
knowledge is not coincidental is required. FBP is committed to abstract entities, but the
entities themselves play no role in our explanation of our knowledge of them. How is it
possible to refer to a particular entity? Again, it’s easy (at least up to isomorphism); we
simply need to make clear which kind of abstract entity we have in mind. Benacerraf
(1965) points out that numbers are highly indeterminate, and seem to be nothing but
places in anω-sequence. Balaguer finds this easy to explain; in characterizing a kind
of abstract object, we do not speak of a unique collection of objects. Since any possible
collection falling under the kind exists, the theory speaks of all of them.

Fictionalism shares the advantages of FBP. Just as authors may tell stories however
they like, mathematicians may characterize mathematical domains however they like,
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provided the characterization they give is consistent. Any fiction gives rise to a collec-
tion of fictional characters. Fictionalism is thus full-blooded in just the way FBP is, but
without FBP’s commitment to abstracta.

Shapiro (2000) complains that consistency is itself a mathematical notion; Bala-
guer’s project is in danger of circularity. Balaguer responds that his concept of con-
sistency is primitive. So long as consistency can be understood pre-mathematically–
which seems plausible, since it seems a logical rather than specifically mathematical
notion, although theories of logical relationships of course use mathematics– Bala-
guer’s project avoids circularity. An alternative response would be to free both fiction
and mathematics from the constraint of consistency, as Vaihinger does, perhaps em-
ploying a paraconsistent logic as the underlying logic of mathematics. Given the con-
tinuing utility of inconsistent mathematical theories such as naive set theory, this option
may have other attractions as well. See, for example, Routley and Routley 1972, Meyer
1976, Meyer and Mortensen 1984, Mortensen 1995, and Priest 1994, 1996, 1997, 2000.

Balaguer’s preferred version of fictionalism is Field’s, which may seem disappoint-
ing, since it is highly constrained by the need to nominalize scientific theories and thus
quite different in spirit from FBP. But he develops the underlying picture in a pragma-
tist fashion reminiscent of Peirce, bringing out more fully the representational aspects
of Field’s fictionalism. His key premise: “Empirical theories use mathematical-object
talk only in order to constructtheoretical apparatuses(or descriptive frameworks) in
which to make assertions about the physical world” (137). We do not deduce features
of the physical world from features of mathematical objects alone; we understand the
structure of physical states of affairs in terms of related mathematical structures. That is
to say, we model features of the physical world mathematically, mapping intrinsically
physical features into mathematical models and using our knowledge of those models
to infer features of the physical world.

The reductionist thus has the picture exactly backwards. We should think of math-
ematics not as something that reduces to the nonmathematical but as something, by
design, to which the nonmathematical reduces. Galileo famously defined mathemat-
ics as the language in which God has written the universe. From the pragmatist point
of view, this is not so remarkable; we create mathematics to be a language in which
the relationships we find in the physical universe can be expressed. Mathematics is a
container into which any physical structure might be poured, a coordinate system on
which any physical structure might be mapped. This is why mathematical domains are
typically infinite. Field assumes a physical infinity, an infinite collection of space-time
points. But, if mathematics is designed to be a “universal solvent,” a theory to which
any theory of physical phenomena reduces, and if there is no known limit to the size
of physical structures, we need mathematical domains to be infinite if they are to serve
their purpose reliably.

6 Yablo’s Figuralism

Yablo (2001, 2002, 2005) develops an alternative to Field’s fictionalism which he refers
to as figuralism or, sometimes, “Kantian logicism.” Yablo draws an analogy with fig-
urative speech. “The number ofFs is large iff there are manyFs,” for example, he
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likens to “your marital status changes iff you get married or ...,” “your identity is secret
iff no one knows who you are,” and “your prospects improve iff it becomes likelier that
you will succeed.” In every case, a figure of speech quantifies over an entity we do not
need to take to be a real constituent of the world. We speak of marital status, identity,
prospects, stomach butterflies, pangs of conscience, and the like not by describing a
distinct realm of objects but instead describing a familiar realm in figurative ways. The
unusual entities serve as representational aids. The point of the figurative discourse
is not to describe them but to use them to describe other things. They may describe
them truly; on this view, the fictional character of the figurative description does not
contradict its truth.

Mathematical discourse similarly invokes a realm of specifically mathematical enti-
ties, typically using them as representational aids to describe nonmathematical entities.
We use statements about numbers, for example, to say things about objects; “the num-
ber of asteroids is greater than the number of planets” holds if and only if there are more
asteroids than planets. Statements of pure arithmetic, such as 2+ 2= 4, express logical
truths (in this case, that (∃2xFx& ∃2yGy& ¬∃z(Fz&Gz)) → ∃4(Fx ∨ Gx); see, e.g.,
Hodes (1984)). Statements of pure set theory are logically true over concrete combina-
torics, that is, are entailed by basic facts (for example, identity and distinctness facts)
about concrete objects. Figuralism thus explains why mathematics is true necessar-
ily and a priori. It also explains why mathematics is absolute rather than relative to a
particular theory (until, at any rate, one reaches the frontiers of set theory).

Yablo refers to his figuralist view as a kind of fictionalism, specifically, relative
reflexive fictionalism. It is reflexive to recognize that fictional entities can function in
two ways, as representational aids (in applied mathematics, for example) or as things
represented (e.g., in pure mathematics). They may even, in self-applied contexts, func-
tion in both ways, as when a fictionalist, speaking ontologically, says that the number
of even primes is zero (on the ground that there are no numbers, anda fortiori no even
primes).

This example brings out the need for arelativereflexive fictionalism. The relativity
is not to a particular mathematical theory but to a perspective. Rudolf Carnap (1951)
would draw the contrast as one between internal and external questions. Internally,
the number of even primes is one; externally, by the fictionalist’s lights, that number
is zero. Yablo draws it in terms of engaged and disengaged speech. However the
distinction is to be drawn, we must distinguish the perspective of those engaged in the
relevant language game from the perspective of those talking about the game.

Stanley (2001), directing himself primarily at Yablo’s theory, argues that “hermeneu-
tic fictionalism is not a viable strategy in ontology” (36). He advances five objections
against Yablo’s fictionalism and against hermeneutic fictionalism as such. First, a fic-
tionalist account does not respect compositionality: “there is no systematic relationship
between many kinds of sentences and their real-world truth conditions” (41). Second,
we move rapidly from pretense to pretense; is there any systematic way of understand-
ing how we do it? Third, pretense is an attitude that evidently must be inaccessible
to the person engaged in it, since people do not generally think of themselves as ap-
proaching mathematics in an attitude of make-believe. Fourth, the claim that people
have the same psychological attitude toward games of make-believe and mathematics
is empirically implausible. Fifth, fictionalism splits the question of a speaker’s believed
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ontological commitments from what our best semantic theory postulates in the domains
of the models it uses to interpret the speaker’s discourse. But what should interest us is
the latter, which is the key to explaining a speaker’s actual commitments.

The first two objections pertain to compositionality, and may well afflict certain
versions of fictionalism, including Yablo’s. Yablo does not spell out any compositional
way of generating the real-world truth conditions of various mathematical sentences. It
is hard to say whether he thinks compositionality is not necessary or whether he takes
Frege, Russell, and others as having already spelled it out (with implications he might
not like; see Rosen 1993), though he seems, in response to Stanley’s criticism, to deny
the need for compositionality in any strong sense. But hermeneutic fictionalism is after
all a theory of what wemeanin a certain realm of discourse. It does not seem unrea-
sonable to demand that hermeneutic fictionalism meet the criteria we impose on any
other semantic theory of what we mean. As Stanley interprets it, at any rate, hermeneu-
tic fictionalism is by definition– as hermeneutic– aone-stagetheory. It is a semantic
theory intended to characterize what sentences within a certain part of language mean
and to show, in the process, by virtue of that semantic theory, that those sentences lack
the ontological commitments they seem to have on the basis of an analogy with other
kinds of discourse.

From Yablo’s perspective, this is a misconstrual. Faced with a sentence in a work
of fiction such as that from theTwice Told Tales, we do not use an alternative seman-
tics; we interpret the sentence as we always would, but recognize that it is not a literal
description of reality. In short, Yablo seems to intend his theory as atwo-stagetheory.
The first stage is that of semantic interpretation, and it proceeds in standard fashion.
The second involves a recognition that the context is fictional, which leads us to rein-
terpret the seeming ontological commitments of the discourse.

It is not clear that Yablo can escape the objection so easily. First, he may have to
sacrifice his claim to the “hermeneutic” moniker; a two-stage theory, arguably, is no
longer a theory of meaning, but a supplement to a theory of meaning. Second, most
fiction does not seem to fit his analysis, for most fiction is not figurative. Hawthorne
does not in any obvious way invoke a gate made from a whale’s jawbone as a repre-
sentation of something else. Third, and most seriously, a demand for compositionality
is not out of place even in the second stage of a two-stage theory. Reductionists have
set out to accomplish their ontological aims by interpreting one theory in another in a
fully recursive fashion. It is not clear that anad hocinterpretive scheme that cannot be
cast in compositional form deserves to be taken seriously.

Does the demand for compositionality tell against other versions of fictionalism in
the philosophy of mathematics? A theory like Field’s or the one I sketch in the last
section of this paper provides a compositional semantics for mathematical sentences;
there is no asystematicity about how such sentences are to be interpreted. It seems
plausible, moreover, that mathematics constitutes a language game of its own– con-
sider, for example, learning to count– and fictionalists such as Yablo can explain why
it is in fact easy for us to switch into and out of that game.

The second two objections address questions of psychological attitude, and, again,
may apply to hermeneutic versions of fictionalism, particularly if one defines fiction-
alism in terms of an attitude of pretense or make-believe. A deflationary fictionalist,
however, advances a view that remains independent of the attitude a speaker takes to-
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ward his or her discourse. These objections thus miss deflationary fictionalism entirely.
Finally, the fifth objection is straightforwardly metaphysical, and raises an inter-

esting issue about the significance of semantic theory for ontology. It tells against
one-stage theories, but not against their two-stage counterparts. Any two-stage theorist
must draw a distinction between two senses of ontological commitment. Semantic the-
ory is a good guide to ourostensible commitments, the commitments we prima facie
seem to have. That is Stage I; that is where ontology starts. But it is not where it ends.
Semantic theory is not a reliable guide to ourreal commitments, the commitments we
are bound to embrace once, at Stage II, the relations among various theories and dis-
courses is taken into account. Someone who reduces everyday talk of medium-size
physical objects to talk of atomic simples, microparticles, sense data, or object-shaped
gunk avoids real commitment to ordinary objects as a distinct ontological kind. The
deflationary fictionalist similarly avoids real commitment to objects to which he or she
is ostensibly committed by a discourse that can successfully be interpreted as fictional.

7 Semantic Strategies

The fictionalist’s goal is to resolve Benacerraf’s dilemma by breaking the chain of rea-
soning that leads from the success of mathematics to its truth and then to the existence
of mathematical objects. Most fictionalists have chosen to break the chain at the first
link, denying that mathematics is true. But it is also possible to question the second
link, granting that mathematics is true while denying that its truth requires counte-
nancing distinctively mathematical objects. Reductionism is of course one attempt to
accomplish this. Reinterpreting mathematics so that its existential sentences might be
true without the existence of abstract objects is another.

7.1 Truth in a Fiction

The simplest strategy is probably to think of each sentence of a fiction as preceded by
a fiction operatorF meaning something like “it is true in the story that.” It is harder
to make this thought precise, however, than one might initially suppose. There is an
obvious worry about compositionality akin to that Dever (2004) raises against modal
fictionalism. Since that raises some technical issues, however, and tracks debates con-
cerning modal fictionalism quite closely– see, for example, Brock 1993, Nolan 1997,
2005, Nolan and Hawthorne 1996, Divers 1999, Kim 2002, 2005, and Rosen 1990,
1995, 2003– let me concentrate on another problem.

What is a story? How can we give a semantics for theF operator? In ordinary
cases of fiction, this is not difficult to do; a story is a finite sequence of sentences. So,
we can understandFp as having the truth conditionS |= p (or equivalently, ifS is
first-order,|= &S → p). Notice, however, that this immediately collapses fictionalism
into deductivism. It analyzes the (fictional) truth of a statement as being the logical
truth of an associated conditional. (Actually, the story as articulated by the author
also certainly needs supplementation with frame axioms to derive what are intuitively
consequences of the story, but I will ignore this complication.) Mathematical stories
(e.g., first-order Peano arithmetic or ZF) are often infinite stories. In the context of a

33



first-order language, or for that matter in any compact logic,Fp will still be true if and
only if an associated conditional is true, sinceS |= p if and only if there is a finite
S0 ⊆ S such thatS0 |= p.

We might alternatively think of a story as a model or class of models: we could
count Fp as true if and only if, for every modelM ∈ K, M |= p. But it would be
hard to distinguish this version of fictionalism from platonism. How do we pick out the
relevant model or model class? How do we know anything about it? Is our knowledge
of it a coincidence? Any argument the fictionalist might use against platonism– even
Yablo’s comparative advantage case– might be turned against this version of fictional-
ism.

The only viable version of this simple semantic approach to fictionalism that re-
mains truly fictionalist seems to be to second-order. Assume that we tell our mathe-
matical stories in a second-order language. Since we can replace axiom schemata with
higher-order axioms, we can safely assume that our stories are finite. We might then
say thatFp holds if and only ifS |= p, whereS is the appropriate mathematical story
and |= is a second-order relation. This yields a theory like those of Hellman (1989),
Shapiro (1997, 2000), and the later Field (1989). Set aside the Quinean worry that the
use of second-order logic smuggles mathematics in through the back door. Strikingly, a
second-order approach too turns out to be a version of deductivism. It is not surprising
that Hellman and Shapiro do not consider their views fictionalist.

7.2 Constructive Free-range Fictionalism

The obvious semantic route to fictionalism, then, in fact leads away from it. Is there
another way of construing the semantic strategy?

Reading quantification in mathematics (and perhaps not only in mathematics) as
substitutional rather than objectual, for example, might offer a way of accepting exis-
tential sentences in mathematics as true without being forced to recognize the existence
of numbers, sets, functions, and other abstracta. I explored this possibility in a series
of papers in the 1980s (Bonevac 1983, 1984a, 1984b). While this seemed to some a
“wild strategy” (Burgess and Rosen 1997), Kripke (1976) had already cleared away the
most serious objections to interpreting quantifiers substitutionally. Burgess and Rosen
nevertheless argue that any strategy based on a nonstandard reading of the quantifiers
is bound to fail, since “‘ontological commitment’ is a technical term, introduced by
a stipulative definition, according to which, nearly enough, ontological commitment
just is that which ordinary language quantification, in regular and paradigmatic cases,
expresses” (204). It is far from clear that this is correct. First, ontological considera-
tions have figured in philosophical discussion at least since the time of Plato; figures
throughout philosophical history have debated questions of ontological commitment
without using those words. Second, Quine (1939, 1951, 1960) treats his thesis that to
be is to be a value of a variable as a substantive claim, not as a stipulative definition.
Third, as Szabo (2003) emphasizes, it is not clear that ordinary language existential
expressions are univocal, a point already emphasized in Parsons (1980).

It may seem that a substitutional strategy nevertheless succeeds too easily and much
too broadly. If substitutional quantification avoids ontological commitment, and, as Be-
nacerraf’s semantic continuity requirement seems to demand, ordinary language quan-
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tification is substitutional, then it would seem that ordinary language quantification
avoids ontological commitment, which is absurd, since commitment is defined in those
very terms.

But substitutional quantification does not avoid commitment; it transfers the on-
tological question to the level of atomic sentences. The strategy means not to avoid
metaphysical questions or assume that nothing at all requires the existence of objects
but only to shift metaphysical questions from quantified and specifically existential
sentences to quantifier-free sentences and their truth conditions. On a substitutional
approach, the interesting metaphysical problem arises at the atomic level– why count
those atomic sentences as true?– and there no longer seems to be any reason to assume
that such a question must have a uniform answer that applies no matter what the atomic
sentences happen to be about. In “regular and paradigmatic cases” ordinary language
quantification expresses ontological commitment because, in such cases, the truth val-
ues of atomic sentences are determined in standard Tarskian fashion and so depend on
the existence of objects. On my view, in short, not only is it true that ordinary quantifi-
cation carries ontological commitment in paradigm cases, but there is an explanation
of which cases count as paradigmatic and why.

Nevertheless, a central idea behind this strategy is independent of substitutional
quantification. Mathematical domains are generally infinite; one cannot assume that
there are enough terms in the language to serve the purposes of a traditional substi-
tutional account. One must therefore think in terms of extensions of the language,
counting an existential sentence true if it is possible to add a term to the language
serving as a witness to the sentence. That, however, introduces a modal element to
the theory, which can be isolated from a substitutional interpretation of the quantifiers.
Here I shall present the revised-semantics strategy in a form that emphasizes its modal
character, relying in part on unpublished work that Hans Kamp and I did some years
ago but setting aside its substitutional features.

Two sets of considerations in addition to the substitutional considerations just out-
lined motivate the revised semantics for quantification that I am about to present. The
first concerns the mathematician’s freedom to introduce existence assumptions, which
seems analogous to the freedom of an author to introduce objects in a work of fiction.
Georg Cantor (1883) wrote that “the very essence of mathematics is its freedom.” David
Hilbert (1980) saw consistency as the only constraint on mathematical freedom: “[I]f
the arbitrarily given axioms do not contradict one another with all their consequences,
then they are true and the things defined by the axioms exist. This for me is the criterion
of truth and existence.” Henri Poincaré similarly maintained that “A mathematical en-
tity exists provided there is no contradiction implied in its definition, either in itself, or
with the proposition previously admitted” (Poincaré 1952); “In mathematics the word
existcan have only one meaning; it signifies exemption from contradiction.” This sug-
gests that existence, in mathematics as in fiction, is tied to possibility. Something of a
certain kind exists if it is possible to find or construct a thing of that kind.

The second motivation stems from thinking of mathematical objects and domains
as constructed. We might think of fictional entities as introduced, not all at once, but
as a work of fiction (or a series of works of fiction, such as Doyle’s Sherlock Holmes
stories or Whedon’sBuffy the Vampire SlayerandAngelepisodes) unfolds. Similarly,
we might think of mathematical objects and mathematical domains as constructed over
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time or, more generally, over a series of creative mathematical acts. We can assert that
a mathematical entity of a kind exists if and only if it is possible to construct an object
of that kind.

This might suggest thatexistsmeans something quite different in mathematics from
what it means in ordinary contexts. Poincaré (1952), indeed, maintained that “the word
‘existence’ has not the same meaning when it refers to a mathematical entity as when
it refers to a material object.” This flies in the face of Benacerraf’s semantic continuity
requirement, that language used in both mathematical and nonmathematical contexts
must be given a uniform semantics covering both. What follows attempts to do just
that: provide a uniform semantics for mathematical and nonmathematical language
that explains the difference in existence criteria not in terms of meaning but in terms of
ontology– in terms, that is, of the kinds of objects and models under consideration.

7.3 Definitions

The semantics I shall present follows the pattern of Kripke semantics for intuitionistic
logic (Kripke 1965). A Kripke modelK for languageL is a quadruple< K,≤,D,>,
where< K,≤> is a poset,D is a monotonic function fromK to inhabited sets, called
domains, and is a relation fromK to the set of atomic formulas ofL∗ = L ∪ D(K)(=
{D(k) : k ∈ K}) such that (a)k  Rn(d1...dn) ⇒ d j ∈ D(k) for 1 ≤ j ≤ n (existence),
and (b)k  Rn(d1...dn) andk ≤ k′ ⇒ k′  Rn(d1...dn) (persistence).

We may extend to all formulas by inductive clauses for compound formulas in
several ways. One familiar method is intuitionistic:

k i A& B⇔ k i A andk i B
k i A∨ B⇔ k i A or k i B
k i A→ B⇔ ∀k′ ≥ k if k′ i A thenk′ i B
k i ¬A⇔ ∀k′ ≥ k k 1i A
k i ∃xA(x)⇔ ∃d ∈ D(k) k i A(d)
k i ∀xA(x)⇔ ∀k′ ≥ k∀d ∈ D(k′) k′ i A(d)

Another is classical:

k c A& B⇔ k c A andk c B
k c A∨ B⇔ k c A or k c B
k c A→ B⇔ k 1c A or k c B
k c ¬A⇔ k 1c A
k c ∃xA(x)⇔ ∃d ∈ D(k) k c A(d)
k c ∀xA(x)⇔ ∀d ∈ D(k) k c A(d)

For now, however, I want to focus on another possibility. Suppose we take seri-
ously the thought that mathematical objects, like fictional objects, are constructed– are
characterized in stages of creative acts, as Kripke models for intuitionistic logic seem
to reflect. We might be tempted to adopt intuitionistic logic as that appropriate to math-
ematical and fictional reasoning alike. Yet there is something odd about intuitionistic
logic in this connection, something that the thought of the objects of the domain as
constructed does not itself justify or explain. Intuitionistic logic treats the quantifiers
asymmetrically. It is well-known that, in intuitionism, one cannot define the quanti-
fiers as duals of each other. In fact, one could not do so even if negation were given a
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classical rather than intuitionistic analysis. The Kripke semantics brings out the reason
why: the universal quantifier is essentially forward-looking, taking into account future
stages of construction, while the existential quantifier is not. The existential quantifier,
one might say, ranges overconstructedobjects, while the universal quantifier ranges
over constructibleobjects. Nothing about taking the domain as constructed in stages
seems to require that. Intuitionistic logic, in short, is not Quinean: to be cannot be con-
strued as being the value of a variable, for being the value of a variable has no univocal
meaning.

Intuitionistic logic rests on two independent theses expressing quite different kinds
of constructivism. One is the metaphysical thesis that the domain consists of con-
structed objects; the other, the epistemological thesis that only constructive proofs can
justify existence statements. The former seems compatible with fictionalism, and per-
haps even to be entailed by it. The latter, however, has no obvious link to fictionalism,
and in fact seems inconsistent with the freedom of existential assertion that Cantor,
Poincaŕe, Hilbert, and Balaguer have found central to mathematical practice.

To be clear about this, we need to distinguish the perspective of the author of a work
of fiction from the perspective of someone talking about the fiction– and, similarly,
the perspective of the creative mathematician form the perspective of someone talking
about the mathematical theory. What justifies me in saying that there are vampires
with souls in the universe ofBuffy the Vampire Slayeris Josh Whedon’s construction
or, better, stipulation of them. What justifies Josh Whedon in saying so is an entirely
different matter, and seems to be nothing more than logical possibility. Just so, what
justifies me in saying that every Banach space has a norm is Banach’s stipulation, but
what justified Stefan Banach in saying so is something else, and again seems to be
nothing more than logical possibility. (Perhaps, as Vaihinger suggests, not even logical
possibility is required; we could develop a version of the theory using a paraconsistent
logic, by, for example, thinking of the semantics as relating sentences to truth values.)

In thinking of mathematics as in some sense fictional, it is important to focus on the
perspective of the author or more generally creator of a fictional work rather than the
perspective of the reader or viewer. The latter perspectives are derivative. I am justified
in saying that there are ensouled vampires in the Buffyverse by virtue of Whedon’s
stipulation of them. I am justified in saying that all Banach spaces have norms by virtue
of Banach’s stipulation of them. In short, my epistemological perspective with respect
to the universe ofBuffy or Banach spaces is derivative. It requires no epistemic contact
with vampires or Banach spaces. Given the stipulations of Whedon and Banach, it
seems fairly easy to explain my knowledge of the relevant domains; I have contact not
with the objects but with the stipulations.

The philosophically interesting question concerns their justification in making those
stipulations in the first place. If they, as the authors of the relevant fictions, were in-
deed free, their acts of creation evidently required nothing like a constructive existence
proof. One might be tempted to think that the author’s act of creation is itself a con-
struction of the kind demanded in intuitionism and other forms of constructive math-
ematics. But that would be a mistake. The author is not at all like “the constructive
mathematician [who] must be presented with an algorithm that constructs the objectx
before he will recognize thatx exists” (Bridges and Richman 1987). The author can
stipulate whatever he or she pleases.
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For fictionalist purposes, then, it makes sense to isolate the thought that mathe-
matical objects and domains are constructed– and the related thought that existence in
mathematics amounts to constructibility– from the further thought that existence claims
can be justified only by the completion of certain kinds of constructions. Kripke seman-
tics lends itself naturally to constructivism in the metaphysical sense. To free it from an
insistence on constructive proof, however, and to bring it into line with Quine’s under-
standing of the role of quantification as ranging over a domain, we might reasonably
adapt the intuitionistic truth clauses to treat the quantifiers symmetrically, as ranging
over constructible objects:

k  A& B⇔ k  A andk  B
k  A∨ B⇔ k  A or k  B
k  A→ B⇔ ∀k′ ≥ k if k′  A thenk′  B
k  ¬A⇔ ∀k′ ≥ k k 1 A
k  ∃xA(x)⇔ ∃k′ ≥ k∃d ∈ D(k′) k′  A(d)
k  ∀xA(x)⇔ ∀k′ ≥ k∀d ∈ D(k′) k′  A(d)

As usual, say thatA is valid at k in K ⇔ k  A, and thatA is valid in K ⇔ ∀k ∈
K k  A (writtenK  A). Σ  A⇔ ∀K if K  B for all B ∈ Σ thenK  A. A is valid
( A) iff ∅  A.

Let Kk be< K′,≤′,D′,′>, whereK′ = {k′ : k′ ≥ k}, ≤′=≤� k′, D′ = D � K′, and
′=� (K′× the atomic formulas ofL∗). It is easy to show the following:

k  A⇔ Kk ′ A⇔ k ′ A.
Validity in K is just validity inK’s bottom node, if there is one. IfA is built up from

just disjunction and conjunction– the connectives receiving the same truth conditions
in all three logics so far defined– then A⇔ i A⇔ c A. Monotonicity fails for
formulas containing existential quantifiers. That is, in intuitionistic logic,k i A and
k′ ≥ k imply k′  A. That holds in the logic I have defined only for formulas without
∃. On such formulas, it agrees entirely with intuitionistic logic. In general, however,
it is weaker. Every valid formula is valid in intuitionistic logic. The reverse, however,
fails.

Some intuitionistically valid formulas that fail:

1. ∃x∀yA→ ∀y∃xA

2. (∃xA& ∃yB)→ ∃x∃y(A& B) (wherex does not occur inB andy does not occur
in A)

3. ∀x∀y(A∨ B)→ (∀xA∨ ∀yB) (wherex does not occur inB andy does not occur
in A)

The first of these may seem surprising, but, in speaking of fictional characters, its
failure has some plausibility.There are characters who treat everyone badlydoes not
appear to entailEveryone is treated badly by some character. We naturally read the
former sentence as meaning that some characters treat every character in their fiction
badly; the latter, however, seems to speak of everyone in or outside a work of fiction.
The second and third formulas above in effect mix stories.

In general, what Quine calls “rules of passage” are not valid. Also, note that despite
the symmetry of the quantificational truth clauses, the quantifiers are not duals of each
other, because of the intuitionistic understanding of negation.
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7.4 Settled Models

Say thatK is settlediff for all k, k′ ≥ k, if A is in the language ofk, thenk′  A ⇒
k  A. In settled models, that is, further stages of construction make no difference
to truth values. It is easy to see that, in settled models, sentential connectives behave
classically.

Even in settled models, however, the quantifiers do not behave classically. The
above formulas remain invalid. A sound and complete system for settled models has,
in addition to the rules

MP: ` A, ` A→ B⇒ ` B
UG: ` Ay/x⇒ ` ∀xA (wherey does not occur inA)

a complete set of schemata for classical sentential logic, and schemata defining &,∨,
and∃ in terms of the other connectives, the following quantificational axiom schemata:

UI: ∀xA→ At/x, wheret is a term free forx in A
CBV: ∀xA→ ∀yAy/x, wherey is a variable free forx in A
DIS: ∀x(A→ B)→ (∀xA→ ∀xB)
AMAL: ( ∀xA& ∀yB)→ ∀x∀y(A& B), wherex does not occur free inB andy does

not occur free inA
BVQ: A→ ∀xA, whereA is a basic formula andx does not occur free inA

The proof proceeds by defining a tableau system analogous to those for intuitionistic
logic.

7.5 Minervan Constructions

The logic of quantification that emerges from this conception is thus weaker than intu-
itionistic logic and, even on the class of settled models, weaker than classical logic. Is
there a restricted class of models on which the quantifiers behave classically? If so, we
might see classical logic as stemming from a more general semantics plus ontological
considerations. In fact, two rather different sets of ontological assumptions yield clas-
sical logic. One is metaphysically especially well-suited to ordinary physical objects;
the other, to mathematical objects. Assume throughout that we are within the class of
settled models. It is simplest to assume that we have replaced the intuitionistic clauses
for sentential connectives with their classical counterparts.

We may think of the domain as constructed in two different senses. In the collective
sense, the domain may be constructed in stages if objects are added to it gradually,
at different stages of construction. In the distributive sense, the domain may consist
of objects which themselves are constructed gradually, in stages. Call a construction
(or the objects issuing from it)minervanif it produces elements that are complete as
soon as they emerge, andmarsupialif it produces elements that are fledgling at first
and achieve maturity gradually as the structure unfolds. Fictional objects are typically
marsupial; they are defined gradually throughout a work of fiction, and might develop
in a variety of ways. Earlier stages of construction do not determine how later stages
must go. Mathematical objects might be construed similarly. But they might also be
construed according to the minervan conception. The properties of 2,π, or e appear to

39



be determined as soon as they are introduced– though it might of course take a very
long time for those properties to be known, articulated, and understood.

Interestingly, under certain conditions, each conception leads to a classical logic of
quantification. Consider first the minervan conception. We might think of our ourselves
as constructing a well-defined domain of objects. The domain expands in stages. Every
object introduced, however, is fully defined as soon as it is introduced, and retains
its identity across subsequent stages of construction. The domain, in other words, is
constructed in the collective sense only; each object is fully characterized upon its
introduction.

Formally, we can capture this conception by restricting ourselves toBerkeley mod-
els, modelsK that arestrong netsin the sense that, for allk, k′ ∈ K there is ak′′ ∈ K
such thatk∪k′ ⊆ k′′. (The name is inspired by Bishop Berkeley’s thought that our con-
structions are approximations of ideas in the mind of God.) Nodes in a strong net are
compatible with each other; they must agree about the objects they have in common.

By induction on the complexity of formulas, we can show that, ifK is a settled
strong net, then, for any sentenceA of L andk, k′ ∈ K, if L(A) ⊆ L(k) andk ≤ k′,
k  A ⇔ k′  A. It follows thatA holds in all settled strong nets iff A is classically
valid.

The real significance of this result lies not in its application to mathematical ob-
jects, which, if viewed as fictional, seem to be construed more naturally as marsupial,
but in its application to physical objects. If objects are minervan, then the constructive
aspects of the semantics make little difference, and the logic that emerges is classical.
That explains how the criteria of existence in mathematical and nonmathematical con-
texts can appear quite different, even thoughexistshas a univocal meaning in both. It
explains, in short, how it is possible for the fictionalist to satisfy Benacerraf’s semantic
continuity requirement, giving a uniform semantics for mathematical and nonmathe-
matical language.

7.6 Marsupial Constructions

Marsupial constructions, too, under certain conditions yield classical logic. If we think
of objects as constructed gradually in stages, we might naturally think of later stages
of development as to some extent undetermined by earlier stages. The construction
might therefore develop one or more relational structures. Suppose that moreover we
think of the objects as “thin” from an ontological point of view– as described purely
qualitatively, having no further hidden nature or essence (Azzouni 1994, Yablo 2001).
We might, for example, think of the names in our theory as mere pegs in a relational
grid. As in Benacerraf (1965), for example, we might think of the numeral ‘2’ not as
standing for a determinate object but as marking a place in a relational grid of order
typeω. I will call the models that make this conception precisestructuralist mod-
els. Such models seems especially well suited to mathematical theories, which at best
characterize their objects up to isomorphism.

Let f be a function from objects to objects such that the domain off includesD(k).
Extend f to formulas by lettingf (A) be the result of replacing each designator ofx in
A with a designator off (x). Node f (K) is such that, for every atomic sentenceA of L,
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f (k)  f (A) ⇔ k  A. If f is a one-one function fromD(k1) onto D(k2), say thatk1

andk2 are equivalent modulof (k1 ≈ f k2⇔ k2 = f (k1)).
K has theuniversal understudy propertyiff the following holds fork1, k2, k3 ∈ K

such thatk1 ≤ k3 andk1 ≈ f k2 for some f : If C ⊆ D(K) is disjoint fromD(k3) andg
is any one-one function fromD(k3) − D(k1) ontoC, then there is ak4 ∈ K such that
k3 ≈ f∪g k4 andk2 ≤ k4. In models with this property, any group of objects not already
in a node may play the roles of a group of that node’s objects. In this sense, anything
in the universe of the model but playing no role in a node may serve as “understudy”
for anything that is playing a role. The objects of such a model are extremely versatile;
they can play any role the model provides. That reflects well the idea that the objects in
such a model are mere pegs, having no identity independent of the bundle of properties
they instantiate.

Say thatK is inexhaustibleiff for eachk1, k2 ∈ K there is a subsetC of D(K) such
thatC ∩ D(k1) = ∅ and|C| = |D(k2)|. Given the assumption thatK , ∅, this condition
implies the weaker property that, for allk ∈ K, there is ac ∈ D(K) such thatc < D(k).
If k ∈ K andn is a natural number, there is a setC ⊆ D(K) disjoint from D(k) which
has cardinalityn.

If K is inexhaustible and has the universal understudy property, it also has theexis-
tential understudy property: for all k1, k2, k3 ∈ K such thatk1 ≤ k2 andk1 ≤ k3, there
exist a setC′ ⊆ D(K) such thatC′ ∩ (D(k3) − D(k1)) = ∅, a one-one functionf from
D(k3) − D(k1) ontoC′, and ak4 ∈ K such thatk2 ≈g k4, whereg is the union off and
the identity function onD(k1). If a model has this property, each collection of objects
playing roles in a node has a team of “understudies” not contained in the node who can
take over the roles played by members of the collection– and in fact do so on another
node of the model.

Call any inexhaustible model with the understudy propertiespermutable.
A modelK is aweak netiff, wheneverk1, k2 ∈ K andk1 � (D(k1) ∩ D(k2)) = k2 �

(D(k1) ∩ D(k2), there is ak3 ∈ K such thatk1 ∪ k2 ⊆ k3. Any two nodes that agree on
their common domain, that is, are together subsumed within some further node. In a
weak net, nodes function as giving (partial) information about their objects; whenever
they agree on the objects appearing on both, the model combines the information to
yield a more complete picture of the objects in question. But there is no requirement
that nodes agree on their common objects. The model may develop alternative and
incompatible portraits of the objects under construction.

A structuralist model, then, is a permutable weak net. By induction on the com-
plexity of formulas, we can show that, ifK is a settled structuralist model, then, for any
sentenceA of L andk, k′ ∈ K, if L(A) ⊆ L(k) andk ≤ k′, k  A⇔ k′  A. It follows
that A holds in all settled structuralist models iff A is classically valid. This explains
how it is possible to maintain both that mathematical objects are constructed and that
classical logic is appropriate to mathematical reasoning. It also explains how a unified
semantics for mathematical and nonmathematical language can apply successfully to
both and yield classical logic when applied to both, even though the semantics itself is
nonclassical.
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7.7 Open Models

We have so far developed two conceptions under which a symmetric, constructive se-
mantics for quantification yields classical first-order logic. But our constructive fiction-
alism is not yet free-range. Neither conception reflects Cantor’s idea that the essence
of mathematics is its freedom; neither reflects Poincaré’s thought that existential asser-
tions in mathematics require nothing more than consistency. To capture those notions,
we need the concept of anopen model, an model, analogous to a canonical model
in modal logic, in which all possibilities– or, at least, all possibilities consistent with
certain constraints– are realized.

Let W be a set of infinite cardinalityκ. The open model of cardinalityκ for W,
OW =< K,≤,D,>, is generated fromK = {k : ∃U ⊆ W(|U | < κ & D(k) = U)},
wherek ≤ k′ ⇔ D(k) ⊆ D(k′). It is straightforward to show thatOW is an inexhaustible
weak net with the understudy properties– in short, a structuralist model. It follows that
Th(OW) is a first-order theory.

Say that modelK for L is reductively completeiff for all k ∈ K and everyL′

such thatL ⊆ L′ ⊆ L(k), k � L′ ∈ K. In reductively complete models, altering the
quantificational clauses to ones considering only nodes extending the current one by
the addition of a single object would make no difference, provided that for any sentence
A of Lk andk ≤ k′ ∈ K, k  A⇔ k′  A.

We can use this fact to show (somewhat tediously) that ifL contains no individ-
ual constants andO is an open model of cardinalityκ, Th(O) is decidable. More-
over, Th(O) is an ∀∃ theory, axiomatized by the setA(O) of axioms of the form
∀x1...xn∃y1...ymF(~x, ~y), wheren ≥ 0,m≥ 1, F(~x, ~y) is a consistent conjunction of basic
formulas built from predicates ofL and variables from amongx1...xn, y1...ym, and in
each conjunct there is at least one occurrence of one of theys.

It is possible to generalize this result in two different directions. First, suppose
thatK is a reductively complete structuralist model: a reductively complete permutable
weak net. ThenTh(K) is a first-order theory axiomatized byA(K)), consisting of

(i) all axioms of the form∀~x(G(~x)→ ∃yG′(~x, y)), where for some~c, c,G(~c),G′(~c, c)
are diagrams of somek, k′ ∈ K such thatD(k′) extendsD(k) by a single object, and

(ii) all axioms of the form∀~x, y(G(~x) →
∨

i Gi(~x, y)), where for some such~c, c,
G(~c), G′(~c, c), G1(~c, c), ..., Gn(~c, c) are diagrams of all thek′ ∈ K extendingk by a
single object. IfK is not reductively complete, but has an analogous property with
respect to finite extensions, thenTh(K) is similarly axiomatizable, and will in fact be
decidable iff A(K)) is recursively enumerable.

Second, and more immediately relevant to mathematics, suppose thatP is a de-
cidable set of purely universal sentences ofL– sentences, from a metaphysical point
of view, carrying no ontological commitment. Then we can characterize theP-open
model of cardinalityκ for W, OP,W =< K,≤,D,>, generated fromK = {k : ∃U ⊆
W(|U | < κ & D(k) = U & the diagram ofk is consistent withP)}, wherek ≤ k′ ⇔
D(k) ⊆ D(k′). It is straightforward to show thatOP,W is an inexhaustible weak net with
the understudy properties. It follows thatTh(OP,W) is a classical first-order theory.

Suppose, for example, thatL consists of a single nonlogical two-place predicate
< characterized as a strict linear order by the purely universal axioms∀x, y(x < y →
¬y < x), ∀x, y, z((x < y& y < z) → x < z), and∀x, y(x < y ∨ y < x ∨ x = y).
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Among the theorems of the theory of the<-open model of cardinalityℵ0 for N would
be∀x∃y x< y, ∀x∃y y< x, and∀x, y(x < y→ ∃z(x < z& z< y)). We thus get a theory
of a dense linear order extending infinitely in both directions, even though every stage
k in the structure has a finite domain.

If every mathematical theory could be analyzed as the theory of aP-open model
of some cardinality, we could stop the account here, and have, perhaps, a version of
modal structuralism that would capture a variety of fictionalist insights. Whether it
would deserve to be called a version of fictionalism is unclear. Unlike other forms of
structuralism, it does take seriously the thought that the structures in question are prod-
ucts of human creative activity governed by no constraints other than those applying
to fiction. How many mathematical theories might be analyzed as theories ofP-open
models remains an open question.

It appears, however, that some mathematical theories are fictionalist in a stronger
sense. They appear not to be analyzable as theories ofP-open models. Peano arith-
metic, for example, assumes the existence of zero as the sole natural number without
a predecessor. Set theory assumes the existence of the null set and of an infinite set.
Geometry, on Hilbert’s axiomatization, assumes the existence of two points lying on a
line, three points not lying on a line, and four points not lying in a plane. It is possible
to account for some such theories in terms ofQ-open models in which, among the ax-
ioms of Q, there are not only purely universal sentences but also (a) pure existentials
(needed, for example, in the case of geometry) and (b) definitions of one or more con-
stants (needed, for example, in the case of arithmetic). Suppose, for example, we define
0 by means of the formula∀x(x = 0↔ ¬∃y S yx), whereS is the successor relation, and
stipulate that∀x, y, z((S xy& S yz) → y = z) and∀x, y, z((S yz& S xz) → x = y). The
theory of the relevant open model then includes∀x∃yS xyand∀x(x , 0 → ∃yS yx).
The induction schema corresponds to a pure universal in a second-order language, and
so can perhaps in principle be included in the axiom setQ. For that reason, in fact, it is
easier to analyze second-order arithmetic as the theory of aQ-open model than it is to
analyze first-order arithmetic in similar fashion.

For the same reason, it is easier to attempt an analysis of second-order set theory.
Whether set theory or geometry can be understood as the theory of aQ-open model
is a large question I cannot discuss here in detail. The general strategy for set theory
would be to use arithmetic or the theory of dense linear order to define an infinite set,
thus justifying the axiom of infinity; to useQ to define unions, pair sets, and power
sets, and to express a second-order abstraction axiom; and then to view axioms of sum
sets, pair sets, and power sets as theorems.

However the details of this might go, the philosophical moral appears to be that cer-
tain mathematical theories, especially existential mathematical theories such as Peano
arithmetic and set theory, if capable of being given a fictional interpretation, are fic-
tional in two senses. They are fictional in the sense that they speak of objects con-
structible given the general criteria of construction governing fiction. They are also
fictional in the sense that they require the postulation of an object– zero, in the case of
the theory of natural numbers, or the null set, in the case of set theory– that accords
with those criteria but the existence of which cannot be viewed as a logical truth. The
semantic fictionalism I am outlining is irresistably fictionalist; it does not collapse into
deductivism or reductionism.

43



7.8 Modal Translations

That both minervan and marsupial conceptions of objects– Berkeley models and struc-
turalist models– yield classical first-order logic raises a number of questions. First,
under what conditions does the semantics I have sketched yield first-order logic? We
have seen two sets of sufficient conditions; what are necessary conditions? What effect
do the understudy properties and the weak net condition have on their own? Are there
conditions that might be imposed on the semantics to yield intuitionistic logic? How
do strong nets and structuralist models behave when not restricted to the class of settled
models?

I can only begin to address such question here. Some light is shed on them by con-
sidering a modal translation of formulas. Kurt Godel (1933) showed that intuitionistic
logic translates into modal logic in such a way that a formula is valid intuitionistically
iff its translation is valid in S4. Almost exactly the same translation works for the
logic I have developed here. We may define the translation of a formula recursively as
follows:

Aπ = �A, if A is atomic
(¬A)π = �¬Aπ

(A& B)π = Aπ & Bπ

(A∨ B)π = Aπ ∨ Bπ

(A→ B)π = �(Aπ → Bπ)
(∀xA)π = �∀xAπ

(∃xA)π = ♦∃xAπ

This is identical to the Godel translation except for its treatment of existential quantifi-
cation. Let MS4 indicate quantified S4 with domains that may increase in accessible
worlds, and CS4 indicate quantified S4 with constant domains (and similarly for other
logics). MS4 thus validates the converse Barcan formula,�∀xA→ ∀x�A, and CS4
validates in addition the Barcan formula,∀x�A → �∀xA. It is straightforward to
establish the following facts:

A is valid on the class of all models iff Aπ is valid in MS4.
A is valid on the class of all settled models iff Aπ is valid in MS5.
A is valid on the class of all settled Berkeley models iff Aπ is valid in CS5.
A is valid on the class of all settled structuralist models iff Aπ is valid in CS5.
A is valid on the class of all weak nets iff Aπ is valid in MS4.2.

S4.2, with characteristic axiom♦�A ⊃ �♦A, characterizes the class of reflexive, tran-
sitive, and convergent models. (R is convergent iff ∀x, y, z((xRy∧ xRz) ⊃ ∃w(yRw∧
zRw)).) It points the way to the schema∃x∀yA → ∀y∃xA, which holds in all weak
nets.

It is tempting to think that there might be a constraint that would yield intuitionistic
logic. Brouwer (1913, 1949) and Heyting (1956) suggest such a possibility, contending
that intuitionistic logic is required specifically for infinite mathematical constructions.
Dummett (1973), in contrast, denies that intuitionism can be given any such ontolog-
ical foundation, insisting that it rests solely on a semantical thesis about the nature of
truth. It is easy, in the context of the view I have developed, to confirm Dummett’s per-
spective: There is no classC of models such thatA is true inC iff A is intuitionistically
valid. Any constraint on models that would permit the existential quantifier to behave
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intuitionistically, so thatk  ∃xA⇔ ∃d ∈ D(k) k  A(d), would force the universal
quantifier to behave classically. The asymmetry of intuitionistic logic’s treatment of
the quantifiers cannot be removed by any ontological constraint on the class of models.

Burgess and Rosen object to semantic views that overtly or covertly introduce
modality, as mine arguably does, on the ground that they trade one obscurity for an-
other. Indeed, a number of fictionalist views– perhaps all of them– can be seen as
trading ontology for ideology. Fictionalists often add modal notions, and can legiti-
mately stand accused of eliminating commitments to abstracta and other troublesome
entities at the expense of a commitment to possibilia. Some fictionalists see this as an
advance, since possible objects or states of affairs need to be invoked for other kinds of
modals. Others see it as at best an intermediate step, and argue for a modal fictionalism
that employs the same strategy to eliminate commitment to possible worlds. Modal fic-
tionalism has its own problems that I cannot discuss here. In any case, any philosopher
of mathematics who takes seriously the need to explain the necessity of mathematics
(or, more neutrally, perhaps, its applicability to hypothetical and counterfactual situa-
tions) encounters the problem of accounting for modal operators. So, this raises issues
that are not unique to fictionalism or even especially forceful with respect to it.

It highlights, however, an issue that faces fictionalism in general. Metaphysical and
epistemological problems arise when a discourse seems to commit us to empirically
inscrutable objects or facts. Fictionalism addresses those problems by construing the
discourse as fictional, as capable of succeeding despite the nonexistence of such objects
or facts. One can go on to ask why, in the absence of such constraints, that discourse,
as opposed to other possible competitors, succeeds. Attempts to respond by citing a
fact threaten to collapse the fictionalist project into reductive or modal accounts. Only
accounts that allow all possible discourses to count as successful seem to promise a
theory that is stably fictional.
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